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Abstract 
 
Modeling and Analysis of Multiple Engine Aircraft 
Configurations for Fault Tolerant Control 
 
Frederick M. Beamer 
 
 A formal framework is presented that allows for the analysis of the potential for using 
engine thrust control for aircraft actuator failure accommodation.  Three sets of parameters have 
been identified as critical: number of engines and their position, engine thrust and throttle 
dynamics, and type and severity of the actuator failure.  A mathematical model was developed 
that allows for the determination of the values of some of the parameters when the others are 
imposed such as determining the thrust control authority when the engine locations and Euler 
angles are known.  Additionally, the engine locations can be determined when the thrust control 
authority and engine Euler angles are known and the engine Euler angles can be determined 
when the engine locations and thrust control authority are known.  A MATLAB/Simulink 
simulation environment was built around a model of a large transport that can accommodate up 
to ten engines at different locations.  A fuzzy logic controller was designed and employed for 
failure accommodation.  The fuzzy logic controller utilizes the pilot lateral, longitudinal, and 
directional commands as well as the aircraft’s pitch attitude, roll attitude, yaw attitude and 
respective angular rates as the inputs to the system and provides throttle commands for each 
engine based on its location with respect to the aircraft’s center of mass.  Failures of varying 
severity on the rudder, left or right aileron, and left or right elevator were implemented.  The 
controller was capable of accommodating an extremely severe aileron failure and moderately 
severe rudder failure without additional pilot input.  The controller was capable of mitigating 
some of the pilot command required for a moderate elevator failure.  The simulation 
environment was used to verify the analytical results and to demonstrate the fault tolerant 
capabilities of multiple engine configurations.  It proved to be a flexible and efficient tool for 
analysis and control system development. 
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Nomenclature 
𝛿𝑗𝐶  = commanded deflection of control surface j 
𝛿𝑗𝐹  = deflection of failed control surface j 
𝐹𝐵  = fixed body reference frame with respect to the aircraft 
𝐹𝐸  = Earth reference frame 
FLC  = Fuzzy Logic Controller 
𝐹𝑀𝑖  = fixed body reference frame with respect t the ith engine 
𝑀��⃗ 𝑒𝑖  = moment produced by the ith engine 
𝑀��⃗ 𝐶𝑖  = moment produced by one aerodynamic surface i 
𝑀��⃗ 𝐹𝑗  = moment produced by failed aerodynamic control surface j 
𝑁  = number of engines 
𝑃𝑖  = point of application of thrust for the ith engine 
𝑂  = center of mass of the aircraft 
𝑂𝑋𝑌𝑍 = system of coordinates in relation to 𝐹𝐵 with the origin at the mass center of the 
vehicle 
𝑂𝐸𝑋𝐸𝑌𝐸𝑍𝐸 = system of coordinates in relation to 𝐹𝐵 with the origin at an arbitrary reference 
point on the surface of the earth 
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𝑅𝐹  = reference frame 
𝑟𝑂𝑃𝑖  = position vector of the point Pi with respect to point O 
[𝑟𝑂𝑃𝑖]𝐴 = components of position vector with respect to a coordinate system associated to 
reference frame A 
[?̃?𝑂𝑃𝑖]𝐴 = component vector with respect to reference frame 𝐹𝐴 of the skew symmetric 
tensor ?̃?𝑂𝑃𝑖 
[𝑟𝑃2𝑃1]𝐴 = position vector of 𝑃1 with respect to 𝑃2 with respect to the SC 𝐹𝐴 
?̃?𝑃2𝑃1  = position tensor for vectorial cross-product formulation  
𝑆𝐶  = system of coordinates 
𝑇�⃗ 𝑖  = thrust vector of engine i 
Δ𝑇�⃗ 𝑖  = thrust for control produced by engine i 
�𝑉�⃗ �
𝐴
  = components of vector 𝑉�⃗  with respect to 𝐹𝐴 
𝑋𝑀𝑌𝑀𝑍𝑀 = system of coordinates with respect to 𝐹𝑀𝑖 
 
Subscripts 
a  = aileron 
e  = elevator 
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f  = flaps 
L  = "left" in conjunction with the control surfaces 
R  = "right" in conjunction with the control surfaces 
r  = rudder 
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Chapter 1: Introduction 
1.1 Problem Definition 
 Aircraft control surface failure accommodation is generally handled by reallocating 
control authority to other functioning control surfaces (if redundancy exists) through a variety of 
approaches including both classical ones and artificial intelligence-based techniques.  In recent 
years, significant research efforts have been made to include engine control authority in the 
aircraft actuator failure accommodation schemes (1) (2) (3).  This additional redundancy allows for a 
more robust failure accommodation mechanism that includes elements of aerodynamic control as 
well as throttle control for improved performance and fault tolerance.  Aircraft upset conditions 
and their prevention, detection, and accommodation are of high interest because of their relation 
to aircraft safety.  This creates a need for cohesive and wide-ranging systems that solve these 
problems for pilots, crew, passengers, and cargo.  An autonomous system with a high-level 
knowledge base is preferred due to its ability to automatically adapt to the changing flight 
conditions within any range of the flight envelope. 
 Over the past few years several different fault tolerant control models have been 
developed at West Virginia University (WVU) utilizing the MATLAB/Simulink programming 
environment and implemented in several aircraft models.  These models include an advanced F-
15 aircraft, a small business jet, and a NASA Generic Transport Aircraft.  A Boeing 747 aircraft 
aerodynamic model was developed for the purposes of this thesis.  The WVU aircraft simulation 
environment uses graphical user interfaces (GUI) that allows for the user to make decisions 
concerning the pilot input method, flight conditions, failed equipment selection, and engine 
placement for the flight.  The Boeing 747 model includes modeling of nominal flight conditions 
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and control surface failures.  The goal of this thesis is to develop the foundation work for 
actuator failure accommodation through use of engine thrust potential and integration into the 
general failure detection, identification, evaluation, and accommodation (FDIEA) simulation 
environment. 
1.2 Research Objectives 
 The research effort presented in this thesis was aimed at reaching the following 
objectives: 
• Develop and test a large transport aircraft MATLAB/Simulink model at normal and 
actuator failure conditions that can integrate seamlessly into the current WVU simulation 
environment. 
• Develop and test various control surface actuator failures models. 
• Implement and analyze multiple engine aircraft configurations for actuator failure 
accommodation purposes. 
• Investigate the design of a fuzzy logic controller capable of utilizing multiple engines to 
compensate for control surface failures. 
• Analyze the effectiveness and performance of the accommodation scheme. 
These research objectives can be summed up in the following personal contributions: 
• General framework for using thrust potential in actuator failure accommodation. 
• Detailed analysis of twin-engine aircraft and tri-engine aircraft configurations. 
• Fuzzy logic controller for engine thrust control. 
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1.3 Thesis Overview 
 The following chapter structure describes the organization of this thesis: 
• Chapter 2 contains the literature review. 
• Chapter 3 introduces the multiple engine model including the reference frames and 
systems of coordinates used throughout this thesis. 
• Chapter 4 illustrates the WVU simulation environment including aircraft model, control 
system model, and failure types. 
• Chapter 5 examines the fuzzy logic control system developed for the purpose of fault 
tolerant control. 
• Chapter 6 discusses the analysis of using an even number and an odd number of engines 
for aircraft control. 
• Chapter 7 presents the analysis of engine compensation when applied to specific actuator 
failures. 
• Chapter 8 describes the simulation results for each type of control surface (aileron, 
elevator, and rudder) and presents the experimental design including the flight plan and 
the testing methodology. 
• Chapter 9 discusses the conclusions drawn from the results of this research effort and 
considers areas for further research. 
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Chapter 2: Literature Review 
Flight simulators have existed for nearly as long as airplanes have been flying across the 
sky.  The first simulator was created by the Antoinette Company in 1909 for the French Army.  
This trainer consisted of a half-barrel mounted on a universal joint with flight controls and poles 
where assistants applied external forces (4).  Several other flight simulators utilizing assistants to 
provide external forces were developed during World War I in the UK and US and even included 
models designed for air gunnery (5).  The first flight simulator not employing assistants for the 
external forces required was the Link Trainer produced by Edwin Link in New York (6).  His 
design used a pneumatic platform guided by inflatable bellows to provide roll and pitch cues.  
Digital computers were not introduced to flight simulation until the 1960s, becoming universally 
accepted in the 1980s.  As the computational power of computers increased, the complexity of 
the flight simulators has increased such that realistic visual and motion cues can be generated for 
nominal flight conditions as well as a variety of sub-system failures.  The current generation of 
flight simulators is capable of replicating the aircraft’s cockpit and flight characteristics in a fully 
immersed environment for training in the latest wide-body, narrow-body, and rotary-wing 
aircraft (7). 
2.1 Modeling and Simulation of Actuator Failures 
 Aircraft actuator failures or malfunctions have been identified throughout the years as a 
leading source of accidents for all classes of aircraft (8) (9) (10) (11).  Significant research efforts have 
recently been directed towards developing fault tolerant control laws that can accommodate 
actuator failures (12) (13) (14) (15) (16) and increase the safety of aircraft operation.  Actuator failures 
can be completely compensated if enough control redundancy is available.   
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 Further research has been undertaken at West Virginia University (WVU) in developing a 
simulation environment for the design and evaluation of direct and indirect adaptive flight 
control laws with built-in fault tolerant capabilities (17).  This system is designed to accommodate 
aerodynamic control surface failures and critical sensor failures through artificial neural network 
augmentation and control re-distribution among healthy actuators.  However, the additional 
control redundancy and the use of the aircraft engines as control mechanisms were not 
investigated. 
 Actuator failures have typically been modeled by either modeling a mechanism failure, 
resulting in a locked or unresponsive surface, or through destruction or deformation of the 
control surface, causing a loss of efficiency of the surface.  An actuator mechanism failure does 
not alter the aerodynamic properties of the control surface but each surface in the pair (left and 
right) will have different deflections.  The resulting forces and moments must be calculated 
individually such that the separate control surface contributions are isolated.  A control surface 
failure resulting in deformation or destruction may alter the aerodynamic properties of the 
surface.  In modeling this type of failure, it is generally assumed that the aerodynamic properties 
of the failed surface are proportional to the properties of a healthy surface (17). 
2.2 Engine Use in Actuator Failure Accommodation 
Control system failure compensation is vital for aircraft flight control because of the 
number of incidents that have occurred owing to such failures and their serious consequences (18).  
Hence, it is necessary to design flight control systems that are capable of compensating for 
failures during flight while maintaining the significant flight control.  Because of this, multiple 
efforts have been made in the design and development of fault-tolerant flight control systems.  In 
addition to utilizing additional control surfaces for fault-tolerant control, aircraft propulsion 
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systems can be employed for fault-tolerant control.  Depending on the number and location, 
aircraft engines can provide some level of control redundancy that under certain conditions can 
be critical.  This capability has been investigated only in a limited manner (19) (20) (2) (3) (21) (22). 
  One such endeavor was undertaken by NASA on its Propulsion Controlled Aircraft 
System.  This system was able to utilize differential engine thrust and lead the development of 
this type of emergency control system.  It was flight tested on an MD-11 aircraft in 1997 (2).  
Additional methods for control with actuator failures are based on multiple-model, switching and 
tuning (23) (24) (25) as well as indirect and direct adaptive control algorithms (26) (27) have been 
developed with varying degrees of success for several different categories of aircraft.  
Gopinathan, et al., evaluated their multiple-model predictive control scheme on an F/A-18A 
aircraft during a carrier landing maneuver under actuator control failures (24).  They found that 
this method of accommodation was well suited for the aircraft and the landing maneuver when 
the stabilator was locked at an imposed position.  Aileron and rudder failure situations were not 
examined.  Bošković and Mehra examined a similar multiple-model control strategy for a tailless 
advanced fighter aircraft in the presence of wing battle damage (23).  Their simulation approach 
examined frozen or stuck control surface actuators.  There are several disadvantages of using a 
multiple-model control strategy.  The first is the simulation cost of executing multiple models 
simultaneously.  This comes in the form of a larger computational power and data handling 
requirements on the control system.  The second drawback is the consistency cost of maintaining 
uniformity among concurrent models.  Traditionally, this is handled using some form 
interpolation between the various models from which the control system is operating.  This 
places constraints on the system designer how many models are necessary to provide acceptable 
failure accommodation outcomes (28).  Liu, et al., approached engine compensation using an 
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alternative approach based on a direct adaptive control approach that utilized engine thrust and 
aileron control for in-flight control system adaptation to rudder and aileron actuator failures (29).  
This method proved successful for small deflection angle actuator failures from the aircraft’s 
nominal trim position (1). 
 Within this thesis a novel control scheme for actuator failure accommodation utilizing 
engine thrust differential was designed by applying FLC principles. The FLC was selected due to 
its robustness and small computational footprint and system demands (30).  The proposed model is 
capable of lateral, longitudinal, and directional flight control for any single actuator failure 
within its control limits.  Furthermore, the model could be utilized during the design phase of an 
aircraft in order to locate the positions of the engines to accommodate a given failure or to size 
the engines when the locations are fixed.  This creates a model that is unique in its flexible 
design and simulation capabilities.  Preliminary results were presented at the American Institute 
of Aeronautics and Astronautics Guidance, Navigation, and Control Conference in Portland, 
Oregon in August of 2011 (31).  A similar paper on the development of a simulation environment 
for supporting aircraft health management education was presented at the same joint conference 
for the Atmospheric Flight Mechanics Conference (32). 
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Chapter 3: Multiple Engine Modeling for Fault Tolerant Control Purposes 
3.1 Reference Frames and Systems of Coordinates 
 The reference frames (RF) and systems of coordinates (SC) associated to them used 
within this paper are as follows: 
Earth reference frame denoted by 𝐹𝐸 is assumed to be inertial.  The associated system of 
coordinates 𝑂𝐸𝑋𝐸𝑌𝐸𝑍𝐸 is defined with the origin at an arbitrary reference point on the surface of 
the Earth, with 𝑂𝐸𝑍𝐸 along the local vertical, positive down, 𝑂𝐸𝑋𝐸 arbitrarily oriented within the 
flat surface of the Earth and 𝑂𝐸𝑌𝐸 perpendicular following the right-hand rule. 
Body reference frame denoted by 𝐹𝐵 is fixed with respect to the aircraft, which is assumed to be 
a rigid body.  The system of coordinates 𝑂𝑋𝑌𝑍 has the origin at the center of mass of the vehicle 
with 𝑂𝑍 along the local vertical, positive down, 𝑂𝑋  perpendicular and oriented such that the 
positive goes through the nose of the aircraft, and 𝑂𝑌 perpendicular following the right-hand 
rule.  The orientation of the three axis with respect to 𝐹𝐸 is defined by the Euler angles 𝜑, 𝜃, 𝜓.  
The position of the body reference frame on the aircraft can be seen in Figure 3-1. 
Engine #i reference frame denoted by 𝐹𝑇𝑖 is defined for each aircraft engine.  The system of 
coordinates 𝑃𝑖𝑋𝑇𝑖𝑌𝑇𝑖𝑍𝑇𝑖 is assumed to have its origin at the center of mass of the engine, which 
also corresponds to the point of application of the thrust.  The orientation of 𝑃𝑖𝑋𝑇𝑖 is assumed 
along the thrust vector and along the engine axis of symmetry.  The engines are assumed to be 
cylindrical.  The orientation of the engine SC is generally defined with respect to 𝐹𝐵 by 
corresponding Euler angles for each engine: 𝜃𝑖 and 𝜓𝑖. 
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Figure 3-1: Aircraft Tri-View with the Body Reference Frame 
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3.2 Vector Notations and Transformations 
 The components of a vector 𝑉�⃗  with respect to a SC in RF 𝐹𝐴 are denoted as: 
 �𝑉�⃗ �𝐴 = [𝑣𝑥 𝑣𝑦 𝑣𝑧]𝐴𝑇   (3.1)
Let the components of the same vector in another SC 𝐹𝐵be: 
 �𝑉�⃗ �𝐵 = [𝑣𝑥 𝑣𝑦 𝑣𝑧]𝐵𝑇   (3.2)
then: 
 �𝑉�⃗ �𝐴 = 𝐿𝐴𝐵�𝑉�⃗ �𝐵  (3.3)
where 𝐿𝐴𝐵 is a 3x3 transformation matrix depending on the trigonometric functions of the 
orientation angles 𝜑, 𝜃, 𝜓 of the CS in 𝐹𝐵 with respect to the CS in 𝐹𝐴. 
 The position vector of point 𝑃1 with respect to point 𝑃2 (origin of vector arrow is at 𝑃2) is 
denoted as 𝑟𝑃2𝑃1 and its components with respect to SC 𝐹𝐴are: 
 [𝑟𝑃2𝑃1]𝐴 = [𝑟𝑥 𝑟𝑦 𝑟𝑧]𝐴𝑇   (3.4)
The associated tensor ?̃?𝑃2𝑃1 is defined such that for an arbitrary vector 𝑉�⃗  there is: 
 𝑟𝑃2𝑃1 × 𝑉�⃗ = ?̃?𝑃2𝑃1 ∙ 𝑉�⃗   (3.5)
and in components with respect to 𝐹𝐴: 
 �𝑟
𝑃2𝑃1 × 𝑉�⃗ �
𝐴
= [?̃?𝑃2𝑃1]𝐴 ∙ �𝑉�⃗ �𝐴 = � 0 −𝑟𝑧 𝑟𝑦𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0 �𝐴 ⋅ �
𝑉𝑥
𝑉𝑦
𝑉𝑧
�
𝐴
  (3.6)
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3.3 Engine Force and Moment Compensation 
 The moment produced by one engine that can be used for control can be expressed as: 
 𝑀��⃗ 𝑒𝑖 = 𝑟𝑂𝑃𝑖 × Δ𝑇�⃗ 𝑖  (3.7)
where 𝑟𝑂𝑃𝑖 is the position vector of the engine center of mass with respect to the aircraft center 
of mass and Δ𝑇�⃗ 𝑖 is the amount of thrust available for control. 
 Let the moment produced by the failure of one aerodynamic surface be 𝑀��⃗ 𝐹𝑗.  To achieve 
failure accommodation, the total moment for control produced by all engines must balance the 
total moment produced by all failed surfaces: 
 �𝑀��⃗ 𝑒𝑖
𝑛
𝑖=1
= �𝑀��⃗ 𝐹𝑗𝑚
𝑗=1
  (3.8)
 Assume that the aerodynamic control surface j is stuck at a deflection 𝛿𝑗𝐹.  The moment 
due to the failure is: 
 𝑀��⃗ 𝐹𝑗 = 𝑑𝑀��⃗𝑑𝛿𝑗 �𝛿𝑗𝐶 − 𝛿𝑗𝐹�  (3.9)
where 𝛿𝑗𝐶 is the commanded deflection of control surface j, and 
𝑑𝑀��⃗
𝑑𝛿𝑗
 represents the derivative of 
the aerodynamic moment vector with respect to aerodynamic control surface deflection.  The 
components of this vector with respect to body axes are: 
 �
𝑑𝑀��⃗
𝑑𝛿𝑗
�
𝐵
= �𝑑𝑀𝑥
𝑑𝛿𝑗
𝑑𝑀𝑦
𝑑𝛿𝑗
𝑑𝑀𝑧
𝑑𝛿𝑗
�
𝐵
𝑇
  (3.10)
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In components with respect to body axes, the total moment due to the failure of possibly several 
aerodynamic surfaces is given by: 
 �𝑀��⃗ 𝐹𝑗�𝐵 = �𝑑𝑀��⃗𝑑𝛿𝑗�𝐵 �𝛿𝑗𝐶 − 𝛿𝑗𝐹�  (3.11)
Equation (3.8) can be expressed as: 
 ��𝑀��⃗ 𝑒𝑖�𝐵
𝑛
𝑖=1
= ���𝑑𝑀��⃗
𝑑𝛿𝑗
�
𝐵
�𝛿𝑗𝐶 − 𝛿𝑗𝐹��
𝑚
𝑗=1
  (3.12)
 ��𝑟
𝑂𝑃𝑖 × Δ𝑇�⃗ 𝑖�𝐵𝑛
𝑖=1
= ���𝑑𝑀��⃗
𝑑𝛿𝑗
�
𝐵
�𝛿𝑗𝐶 − 𝛿𝑗𝐹��
𝑚
𝑗=1
  (3.13)
 �{[?̃?𝑂𝑃𝑖]𝐵[Δ𝑇𝑖]B}𝑛
𝑖=1
= ���𝛿𝑗𝐶 − 𝛿𝑗𝐹� �𝑀𝑥𝛿𝑗𝑀𝑦𝛿𝑗
𝑀𝑧𝛿𝑗
�
𝐵
�
𝑚
𝑗=1
  (3.14)
 ���
0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0 �𝐵 �
Δ𝑇𝑥𝑖
Δ𝑇𝑦𝑖
Δ𝑇𝑧𝑖
�
B
�
𝑛
𝑖=1
= ���𝛿𝑗𝐶 − 𝛿𝑗𝐹� �𝑀𝑥𝛿𝑗𝑀𝑦𝛿𝑗
𝑀𝑧𝛿𝑗
�
𝐵
�
𝑚
𝑗=1
  (3.15)
From equation (3.15) it can be seen that there are three sets of parameters that need to be 
evaluated when analyzing the potential of using thrust to compensate for actuator failures.  These 
three sets are: 
• Number of engines n and their locations as determined by the vectors 𝑟𝑂𝑃𝑖; 
• Amount of additional thrust available for control from each engine Δ𝑇�⃗ 𝑖; 
• Severity of the failure as measured by the deflection offset �𝛿𝑗𝐶 − 𝛿𝑗𝐹�. 
Additionally: 
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 �
Δ𝑇𝑥𝑖
Δ𝑇𝑦𝑖
Δ𝑇𝑧𝑖
�
𝐵
= 𝐿𝐵𝐹𝑖�Δ𝑇�⃗ 𝑖�𝐹𝑖 = �cos(𝜓𝑖) cos(𝜃𝑖)sin(𝜓𝑖) cos(𝜃𝑖)sin(𝜃𝑖) �𝐵 Δ𝑇𝑖  (3.16)
which yields: 
 
���
0 −𝑟𝑖𝑧 𝑟𝑖𝑦
𝑟𝑖𝑧 0 −𝑟𝑖𝑥
−𝑟𝑖𝑦 𝑟𝑖𝑥 0 �𝐵 �
cos𝜓𝑖 cos𝜃𝑖sin𝜓𝑖 cos 𝜃𝑖sin𝜃𝑖 � ∆𝑇𝑖�
𝑛
𝑖=1
= ���𝛿𝑗𝐶 − 𝛿𝑗𝐹� �𝑀𝑥𝛿𝑗𝑀𝑦𝛿𝑗
𝑀𝑧𝛿𝑗
�
𝐵
�
𝑚
𝑗=1
 
 (3.17)
 An analysis can be performed by determining the necessary values for some of the 
parameters when the others are imposed.  It can be seen from equation (3.17) that the engine can 
be used to produce control moments by changing the location of the point of application of the 
thrust (𝑟𝑥𝑖, 𝑟𝑦𝑖, and 𝑟𝑧𝑖), by changing the orientation of the thrust vector (𝜃𝑖 and 𝜓𝑖), and/or by 
changing the magnitude of the thrust available for control (Δ𝑇𝑖).  The model also allows the 
determination, given a certain propulsion system configuration, of the severity of the failure that 
can be handled. 
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Chapter 4: WVU Simulation Environment 
4.1 General Description of the WVU Simulation Environment 
 WVU has developed an advanced simulation environment for the purpose of designing, 
evaluating, and validating aircraft fault-tolerant control laws (17).  MATLAB and Simulink are 
used in order to maximize portability and flexibility for future expansion.  The Flight Dynamics 
and Control (FDC) toolbox (33) within the Simulink library is included for solving the equations 
of motion and for modeling wind and atmospheric turbulence effects within the simulation.  The 
model is interfaced with an open source flight visualization software package FlightGear (34) in 
order to provide visual indications.  The core modules of the WVU simulation environment are 
presented in Figure 4-1.   
 
Figure 4-1: General Architecture of the WVU Simulation Environment 
15 
 
These modules include: 
• Aircraft Model Module 
• Control System Module 
• Aircraft Sub-System Failure Models 
• User Interface 
The high level Simulink model for the direct desktop configuration is shown in Figure 4-2. 
 
 
Figure 4-2: Simulink Model of the WVU Simulation Environment 
 
 The aircraft model can be flown using a joystick.  The GUI menus are used to set the 
user-configurable values for the desired simulation scenarios such as nominal conditions flight or 
locked control surface testing.  Some of these user-configurable options relate to the failure type 
and magnitude and other input/output content.  An example of the user interface provided by 
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FlightGear as well as flight parameter monitoring provided by Simulink scopes can be viewed in 
Figure 4-3. 
 
Figure 4-3: WVU Simulation Environment Interface 
 
A multi-engine large transport aircraft model has been developed for the investigation 
and analysis of utilizing engine thrust to accommodate for aerodynamic control surface failures.  
The aerodynamic model is based on generic values of the stability and control derivatives (35) for 
a representative aircraft in this class.  This simulation environment allows for the study of two to 
ten engines at specific locations in relation to the aircrafts center of gravity.  The model allows 
for the determination of engine placement, engine thrust, or maximum control surface deflection 
failure to be fixed while the remaining parameters are determined.  Furthermore, the airplane 
model is easily adaptable for any other type of fixed wing aircraft. 
 
17 
 
4.2 Aircraft Model 
 The Aircraft Model Module contains four main components: wind and turbulence 
modeling, aerodynamic database, aircraft dynamic equations of motion, and the engines model.  
The engines model was expanded such that multiple engine configurations could be utilized for 
analysis.  The engine model utilizes generic thrust look-up table based on Mach number, aircraft 
altitude, and engine rotations per minute. 
 The turbulence model implemented within the simulation environment is based on the 
Dryden model.  This model uses the Dryden spectral representation to add turbulence to the 
simulation by passing band-limited white noise.  The model is also capable of simulating the 
effects of constant wind of a pre-determined direction and magnitude.  The calculation of 
aerodynamic forces and moments is distributed for each control surface, wing, and engine.  This 
is necessary for modeling the failures with an adequate level of generality. 
4.3 Sub-System Failure Model 
 The sub-system failure models allow for various aspects of the model to fail in a 
controlled manner such that the dynamics of the failure can be analyzed.  There are two types of 
aerodynamic control surface failure implemented within the model.  The first type of failure 
relates to an actuator mechanism failure.  The control surface remains intact and fixed in the 
current or a user imposed position at post-failure conditions.  The second type of failure 
corresponds to physical destruction of the control surface.  It involves reducing the aerodynamic 
efficiency of the control surface starting at the occurrence of the failure (36).  The user is able to 
set different failure parameters such as the type of failure and magnitude of failure as well as the 
time of the failure occurrence on one of five control surfaces of the general aircraft model such 
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as left or right ailerons, left or right elevators, or the rudder.  Formally, the deflection of a control 
surface that is locked or jammed at a “current” position can be expressed as: 
 𝛿𝑒(𝑡) = �𝛿𝑒(𝑡) 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑝𝑖𝑙𝑜𝑡 𝑖𝑓 𝑡 < 𝑡𝑓𝛿𝑒�𝑡𝑓� 𝑖𝑓 𝑡 ≥ 𝑡𝑓  (4.1)
where 𝑡𝑓 is the moment of occurrence of the failure.  If the surface is supposed to move to a user 
specified position 𝛿𝑒𝑓 and stay there, then the deflection can be expressed as: 
 𝛿𝑒(𝑡) = �𝛿𝑒(𝑡) 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑝𝑖𝑙𝑜𝑡 𝑖𝑓 𝑡 < 𝑡𝑓𝛿𝑒�𝑡𝑓� + 𝑎𝑠 + 𝑎 𝛿𝑒𝑓 𝑖𝑓 𝑡 ≥ 𝑡𝑓  (4.2)
where first order dynamics are assumed and the time constant must be specified by the user. 
 If physical destruction or alteration is chosen as the failure parameter, then it is assumed 
that the alteration of the aerodynamic properties is such that the forces and moments generated 
by the control surface after the failure differ from those before the failure by a proportional factor 
(?̅?𝑑) affecting an efficiency parameter 𝐸𝑢𝑘, 𝑘 = 1, … ,𝑚, with m the total number of control 
surfaces.  An important element of this modeling approach is to define the efficiency parameter 
𝐸𝑢𝑘 such that it characterizes appropriately the nature of the failure.  The surface damage 
parameter 𝑠𝑑 models the magnitude of the failure through the ratio between the efficiency 
parameter after and before the failure occurring moment: 
 𝑠𝑑 = �𝐸𝑢𝑘�𝐴𝑓𝑡𝑒𝑟𝐹𝑎𝑖𝑙𝑢𝑟𝑒�𝐸𝑢𝑘�𝐵𝑒𝑓𝑜𝑟𝑒𝐹𝑎𝑖𝑙𝑢𝑟𝑒  (4.3)
Therefore, 𝑠𝑑 ∈ [0,1], with 𝑠𝑑 = 1 for the “no failure” case and 𝑠𝑑 = 0 for a failure involving a 
completely missing surface or a complete loss of “efficiency”. 
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4.4 Graphical User Interfaces (GUI) 
 The main menu, as seen in Figure 4-4, allows for the user to select the desired simulation.  
The simulation is capable of modeling nominal flight conditions as well as abnormal flight 
conditions such as control surface failures. 
 
Figure 4-4: Boeing 747 Simulation Main Menu 
 
 Different types of pilot input methods can be selected using the menu in Figure 4-5.  
These input sources include all real-time user input, pre-recorded maneuvers, or any combination 
of user and pre-recorded data.  From the next menu select the initial conditions from Figure 4-6. 
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Figure 4-5: Pilot Input Menu 
 
 
Figure 4-6: Initial Conditions Selection 
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 If a failure scenario was selected from the Figure 4-4, the Control Surface Failure 
Conditions Menu will open (Figure 4-7).  Select the failure scenario and the failed control 
surface and enter any additional relevant information in the boxes. 
 
Figure 4-7: Control Surface Failure Conditions Menu 
 
 The engine placement menu in Figure 4-8 allows for the selection of different engine 
configurations.  The number of engines can be varied between two and ten.  Once the number of 
engines is selected, the user is able to specify the engine center of gravity location in relation to 
the aircraft’s center of gravity. 
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Figure 4-8: Engine Selection and Position Menu 
 
 Simulink scopes, as seen in Figure 4-3, allow for the real-time monitoring and analysis of 
relevant parameters during the simulation and for examination of the histories after the 
simulation has commenced.  These scopes may be selected from Figure 4-9. 
 
Figure 4-9: Flight Visualization Menu  
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Chapter 5: Fuzzy Logic Throttle Controller 
5.1 Fuzzy Logic Overview 
Fuzzy logic is a form of multi-value logic that operates with statements that can be true, 
false, or anywhere in between and can be used to model the knowledge, experience, and modus 
operandi of a human operator (30).  Fuzzy logic allows avoiding the rigidity of classic logic and 
the mathematics associated to it and facilitates modeling of processes characteristic to living 
matter, such as intelligence.  Typically, a human verbally describes cognitive performance 
related to the control activity in the terms of rules.  These rules take the form of a “linguistic 
variable is a linguistic value” or “control variable is a linguistic value”.  A linguistic variable is 
often a “physical variable” such as position, velocity, acceleration, etc.  A control variable could 
be an actuator position, voltage to an actuator, cylinder displacement, etc.  The linguistic value is 
an attribute that is associated to the linguistic variable – or a fuzzy property of the linguistic 
variable – such as small, very small, large, etc.  A collection of such rules describing the control 
task forms an expert system.  The approach is useful when control laws cannot be formulated 
analytically or when performance and robustness must be improved by including information 
from human operators. 
In general, the flow of a fuzzy logic-based controller consists of three major modules (30) 
(37): fuzzification, inference engine, and defuzzification.  The crisp measurements from the 
sensors, or linguistic variables, must be converted through the fuzzification process into a fuzzy 
input that represents the degree to which the crisp measurements belong to each of the fuzzy sets 
defined by the linguistic variables – an attribute associated with the linguistic variable such as 
small, very small, large, etc.  This takes place in the fuzzification module.  Then the fuzzy input 
is used to create a fuzzy output or command according to the set of condition rules provided by 
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an expert operator in the form of “IF – THEN” rules (30) (37) (38).  This is equivalent to translating 
the control rules from natural language into fuzzy logic.  The module in which this operation is 
performed is the inference engine.  The fuzzy command represents membership values of the 
output to fuzzy sets defined by the linguistic values associated with the command.  This 
information must then be converted back into a crisp value, within the defuzzification module, 
and used directly as command signals. 
5.2 Controller Design 
The FLC throttle control model is composed of three separate FLC systems as seen in 
Figure 5-1.  These controllers correspond to the longitudinal, lateral, and directional control 
channels.  Each FLC consists of two inputs and one output.  The input comprises of the pilot 
input on the individual channels and the respective roll rate, pitch rate, and yaw rate.  An 
example of one of the individual FLC can be examined in Figure 5-2. 
 
Figure 5-1: Simulink Fuzzy Logic Model Overview 
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The crisp inputs from the pilot input and roll rate, pitch rate, and yaw rate sensors must 
be converted through the fuzzification process into a fuzzy input that represents the degree to 
which the crisp measurements belong to each of the fuzzy sets defined by the linguistic values.  
The linguistic values are attributes associated with the linguistic variables such as small, very 
small, large, etc.  All of this takes place in the fuzzification module.  The fuzzy inputs are used to 
create a fuzzy output or command according to the set of “IF – THEN” rules supplied by an 
expert operator (30) (37) (38).  This correlates the natural language set of operators supplied by the 
experts into the mathematical formulation of the FLC.  The fuzzy command represents the 
membership values of the output to fuzzy sets defined by the linguistic values associated with the 
command.  Finally, this information is transformed into a crisp signal that the controller passes 
along to the aircraft model by converting the fuzzified output utilizing a process similar but 
opposite of the fuzzification process. 
 
Figure 5-2: Example of a FLC 
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A simple FLC was implemented on the WVU large transport 747 model for the purpose 
of illustrating the fault tolerant capabilities of propulsion devices in the presence actuator 
failures.  The control strategy consists of commanding the attitude angle and angular rate of the 
three body axes using engine throttle.  As a result, each controller has two linguistic variables – 
attitude angle error between the pilot command derivative and the actual angle and the rate of 
change in this error as defined by (5.1) and (5.2). 
 
 𝐸𝑟𝑟𝑜𝑟 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 = 𝑃𝑖𝑙𝑜𝑡 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 − 𝐴𝑖𝑟𝑐𝑟𝑎𝑓𝑡 𝐴𝑡𝑡𝑖𝑡𝑢𝑑𝑒  (5.1)
 
𝐸𝑟𝑟𝑜𝑟 𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒= 𝑃𝑖𝑙𝑜𝑡 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒
− 𝐴𝑖𝑟𝑐𝑟𝑎𝑓𝑡 𝑅𝑎𝑡𝑒 𝑜𝑓 𝐶ℎ𝑎𝑛𝑔𝑒  (5.2)
 
The crisp value from each linguistic variable is fuzzified using five linguistic values – 
Large Negative, Negative, Zero, Positive, and Large Positive.  There are two types of 
membership functions utilized – a trapezoidal shape and a triangular shape.  For the attitude 
angle error, both trapezoidal and triangular membership functions were used, while for the rate 
error, only trapezoidal membership functions were utilized.  The membership functions for the 
inputs for roll, pitch, and yaw can be viewed in Figure 5-3, Figure 5-4, and Figure 5-5.  The 
output command uses triangular shaped functions.  See Figure 5-6 for the output membership 
functions and surface plot. 
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Figure 5-3: Roll Membership Functions 
 
 
Figure 5-4: Pitch Membership Functions 
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Figure 5-5: Yaw Membership Functions 
 
 
Figure 5-6: Output Membership Function for Roll, Pitch, and Yaw Channels 
 
29 
 
 The two 5-dimensional input linguistic variable vectors produce a five-by-five grid for all 
possible combinations.  This grid is used to formulate the inference rule matrix presented in 
Table 5-1 for the lateral, longitudinal, and directional channels.  The output linguistic variable is 
additional throttle deflection and can be composed of seven linguistic values – Large Negative, 
Negative, Small Negative, Zero, Small Positive, Positive, and Large Positive.  For example, cell 
(4,2) corresponds to the following inference rule: if the angle error is “Positive” and the rate 
error is “Negative”, then the additional throttle deflection must be “Zero”.  Within the inference 
engine module, the fuzzy command is generated for each engine with consideration given to its 
relative position to the center of gravity of the aircraft.  The output from the inference engine is 
passed into the defuzziciation module where the fuzzy values from the inference matrix are 
converted into a crisp throttle alteration command.  This command is then sent into an additional 
module that alters each individual engine throttle command.  The pilot throttle command is 
assumed to be the same for each engine.  The alteration from the FLC either increases or 
decreases this value based on the engine’s location with respect to the aircraft’s center of gravity 
and the required compensating moment. 
Table 5-1: Output Inference Rules Matrix 
 Error  Large Negative Negative Zero Positive Large Positive Error 
Rate  
Large Negative Large Positive Large Positive Positive Small Positive Zero 
Negative Large Positive Positive Small Positive Zero Small Negative 
Zero Positive Small Positive Zero Small Negative Negative 
Positive Small Positive Zero Small Negative Negative Large Negative 
Large Positive Zero Small Negative Negative Large Negative Large Negative 
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5.3 Implementing the Fuzzy Logic Controller 
The FLC can be implemented in many different aircraft models.  The controller utilizes the pilot 
stick commands and the aircraft’s measured attitude and angular rates.  The net result of the 
controller is an alteration of the throttle position to each engine after a failure has occurred.  This 
control could be modified such that it controls the engine RPM, fuel flow rate, or any other 
single engine property.  The steps necessary to implement the FLC into an aircraft are as follows: 
1. Copy the FLC block into the Engine Management section of the aircraft model. 
2. The input gains for the roll, pitch, and yaw controllers need to me modified such that the 
pilot commands and the respective attitude and angular rate are roughly normalized. 
3. The output gains for each engine need to be modified.  These gains for the roll and yaw 
controllers are designed to favor the outboard engines over the inboard engines because 
of the greater moment arm that they possess.  For the pitch controller, the gains are 
intended to favor the engines that are farthest from the XY-plane.  For the three 
controllers, the gains that are the largest are normalized with the other gains being less 
than one in proportion to their location to the aircraft’s center of gravity. 
Additional modifications may need to be implemented concerning the number of throttle inputs 
into the system.  The FLC is designed to accommodate between two and ten engines.  Depending 
on the number of engines that the aircraft has, the number of throttle inputs may need to be 
altered.  The controller must have ten throttle input values between zero and one.  For an aircraft 
with two engines, the first two values will be the pilot throttle values and the other eight must be 
set as a constant zero.  If the aircraft has four engines, then the first four inputs correspond to the 
pilot input commands and the remaining six are set at a constant zero. 
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Chapter 6: Analysis of Engine Models 
 The overall governing equation (3.17) is: 
 
���
0 −𝑟𝑖𝑧 𝑟𝑖𝑦
𝑟𝑖𝑧 0 −𝑟𝑖𝑥
−𝑟𝑖𝑦 𝑟𝑖𝑥 0 �𝐵 �
cos𝜓𝑖 cos𝜃𝑖sin𝜓𝑖 cos 𝜃𝑖sin𝜃𝑖 �𝐵 ∆𝑇𝑖�
𝑛
𝑖=1
= ���𝛿𝑗𝐶 − 𝛿𝑗𝐹� �𝑀𝑥𝛿𝑗𝑀𝑦𝛿𝑗
𝑀𝑧𝛿𝑗
�
𝐵
�
𝑚
𝑗=1
 
 (6.1)
When the moment due to the difference between commanded and actual deflection at failure is 
known, one can denote the total moment that requires compensation as: 
 ���𝛿𝑗𝐶 − 𝛿𝑗𝐹� �
𝑀𝑥𝛿𝑗
𝑀𝑦𝛿𝑗
𝑀𝑧𝛿𝑗
�
𝐵
�
𝑚
𝑗=1
=  �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.2)
 Equation (6.1) can then be re-written as: 
 ���
0 −𝑟𝑖𝑧 𝑟𝑖𝑦
𝑟𝑖𝑧 0 −𝑟𝑖𝑥
−𝑟𝑖𝑦 𝑟𝑖𝑥 0 �𝐵 �
cos𝜓𝑖 cos𝜃𝑖sin𝜓𝑖 cos 𝜃𝑖sin𝜃𝑖 � ∆𝑇𝑖� = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
�
𝑛
𝑖=1
  (6.3)
 
6.1 Even Engine Number Model Example 
 When n=2, equation (6.3) becomes: 
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�
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �cos𝜓1 cos 𝜃1sin𝜓1 cos𝜃1sin𝜃1 � ∆𝑇1
+ � 0 −𝑟2𝑧 𝑟2𝑦𝑟2𝑧 0 −𝑟2𝑥
−𝑟2𝑦 𝑟2𝑥 0 � �cos𝜓2 cos 𝜃2sin𝜓2 cos𝜃2sin𝜃2 � ∆𝑇2 = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.4)
 
6.1.1 Determining the Engine Locations 
 Assume the engines are symmetric with respect to the aircraft's XZ-plane.  Therefore, the 
engine's locations become: 
 �
𝑟1𝑥
𝑟1𝑦
𝑟1𝑧
� = � 𝑟2𝑥−𝑟2𝑦
𝑟2𝑧
� = �𝑟𝑥𝑟𝑦
𝑟𝑧
�  (6.5)
When 𝜓1,𝜃1,𝜓2,𝜃2,Δ𝑇1,Δ𝑇2 are known values, as the following notations can be used: 
 �
cos𝜓1 cos 𝜃1sin𝜓1 cos𝜃1sin𝜃1 � ∆𝑇1 = �𝜀1𝑥𝜀1𝑦𝜀1𝑧�  (6.6)
 �
cos𝜓2 cos𝜃2sin𝜓2 cos 𝜃2sin𝜃2 � ∆𝑇2 = �𝜀2𝑥𝜀2𝑦𝜀2𝑧�  (6.7)
When equations (6.5), (6.6), and (6.7) are substituted into equation (6.4), it becomes: 
 �
0 (𝜀1𝑧 − 𝜀2𝑧) �−𝜀1𝑦 − 𝜀2𝑦�(−𝜀1𝑧 − 𝜀2𝑧) 0 (𝜀1𝑥 + 𝜀2𝑥)
�𝜀1𝑦 − 𝜀2𝑦� (−𝜀1𝑥 + 𝜀2𝑥) 0 � �
𝑟𝑥
𝑟𝑦
𝑟𝑧
� = �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.8)
When 𝜀1𝑥,  𝜀1𝑦,  𝜀1𝑧,  𝜀2𝑥 ,  𝜀2𝑦,  𝜀2𝑧, 𝑀𝑥𝑇, 𝑀𝑦𝑇, and 𝑀𝑧𝑇 are known values, then 𝑟𝑥,  𝑟𝑦, and 𝑟𝑧 can 
be found if the matrix in (6.8) is invertible, which is equivalent to the corresponding determinant 
being non-zero: 
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 �
0 (𝜀1𝑧 − 𝜀2𝑧) �−𝜀1𝑦 − 𝜀2𝑦�(−𝜀1𝑧 − 𝜀2𝑧) 0 (𝜀1𝑥 + 𝜀2𝑥)
�𝜀1𝑦 − 𝜀2𝑦� (−𝜀1𝑥 + 𝜀2𝑥) 0 � ≠ 0  (6.9)
 
−(𝜀1𝑧 − 𝜀2𝑧) �(−𝜀1𝑧 − 𝜀2𝑧) (𝜀1𝑥 + 𝜀2𝑥)�𝜀1𝑦 − 𝜀2𝑦� 0 �
+ �−𝜀1𝑦 − 𝜀2𝑦� �(−𝜀1𝑧 − 𝜀2𝑧) 0�𝜀1𝑦 − 𝜀2𝑦� (−𝜀1𝑥 + 𝜀2𝑥)� ≠ 0  (6.10)
 
(𝜀1𝑧 − 𝜀2𝑧)�𝜀1𝑦 − 𝜀2𝑦�(𝜀1𝑥 + 𝜀2𝑥)+ �−𝜀1𝑦 − 𝜀2𝑦�(−𝜀1𝑧 − 𝜀2𝑧)(−𝜀1𝑥 + 𝜀2𝑥) ≠ 0  (6.11)
 −𝜀1𝑥𝜀1𝑧𝜀2𝑦 − 𝜀1𝑥𝜀1𝑦𝜀2𝑧 + 𝜀1𝑦𝜀1𝑧𝜀2𝑥 + 𝜀2𝑥𝜀2𝑦𝜀2𝑧 ≠ 0  (6.12)
When (6.6) and (6.7) are substituted back into (6.12) yields: 
 
− cos𝜓1 cos 𝜃1 sin𝜃1 sin𝜓2 cos 𝜃2 ∆𝑇12∆𝑇2
− cos𝜓1 cos 𝜃1 cos𝜃1 sin𝜓1 sin𝜃2∆𝑇12∆𝑇2+ sin𝜓1 cos 𝜃1 sin𝜃1 cos𝜓2 cos 𝜃2 ∆𝑇12∆𝑇2+ cos𝜓2 sin𝜓2 cos𝜃2 cos 𝜃2 sin𝜃2 ∆𝑇23 ≠ 0 
 (6.13)
When ∆𝑇1 = ∆𝑇2 = ∆𝑇 the ∆𝑇 terms drop out and equation (6.13) becomes: 
 
sin𝜃1 sin𝜓1 cos 𝜃1 cos𝜓2 cos 𝜃2 − sin𝜃1 sin𝜓2 cos 𝜃2 cos𝜓1 cos 𝜃1+ sin𝜃2 sin𝜓1 cos𝜃1 cos𝜓1 cos 𝜃1
− sin𝜃2 sin𝜓2 cos 𝜃2 cos𝜓2 cos𝜃2 ≠ 0  (6.14)
If the engine angles are symmetrical with respect the aircraft’s CG, then 𝜃1 = 𝜃2 and 𝜓1 = −𝜓2 
and equation (6.14) can be rewritten as: 
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sin𝜃1 sin𝜓1 cos 𝜃1 cos𝜓1 cos𝜃1 − sin𝜃1 (− sin𝜓1) cos𝜃1 cos𝜓1 cos 𝜃1+ sin𝜃1 sin𝜓1 cos𝜃1 cos𝜓1 cos 𝜃1
− sin𝜃1 (− sin𝜓1) cos𝜃1 cos𝜓1 cos 𝜃1 ≠ 0  (6.15)
 4 sin𝜃1 sin𝜓1 cos𝜃1 cos𝜓1 cos 𝜃1 ≠ 0  (6.16)
In order for equation (6.16) to remain non-zero, the conditions in Table 6-1 must all be satisfied. 
 
Table 6-1: Conditions for a Non-Zero Determinant for Equation (6.16) 
Parameter Condition 
𝜃1 ≠ 0 
𝜃1 ≠ 𝜋 2�  
𝜓1 ≠ 0 
𝜓1 ≠ 𝜋 2�  
 
 
6.1.2 Determining the Thrust Control Authority 
 Assume the engine locations are known with respect to the aircraft's center of mass.  
Furthermore, 𝜓1, 𝜃1, 𝜓2, and 𝜃2 are known and established as: 
 �
cos𝜓1 cos 𝜃1sin𝜓1 cos 𝜃1sin𝜃1 � = �𝜀1𝑥𝜀1𝑦𝜀1𝑧�  (6.17)
 �
cos𝜓2 cos𝜃2sin𝜓2 cos 𝜃2sin𝜃2 � = �𝜀2𝑥𝜀2𝑦𝜀2𝑧�  (6.18)
With these assumptions, Δ𝑇1 and Δ𝑇2 can be found by altering equation (6.4) with equations 
(6.17) and (6.18) such that: 
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 �
−𝑟1𝑧𝜀1𝑦 + 𝑟1𝑦𝜀1𝑧
𝑟1𝑧𝜀1𝑥 − 𝑟1𝑥𝜀1𝑧
−𝑟1𝑦𝜀1𝑥 + 𝑟1𝑥𝜀1𝑦� ∆𝑇1 + �−𝑟2𝑧𝜀2𝑦 + 𝑟2𝑦𝜀2𝑧𝑟2𝑧𝜀2𝑥 − 𝑟2𝑥𝜀2𝑧−𝑟2𝑦𝜀2𝑥 + 𝑟2𝑥𝜀2𝑦� ∆𝑇2 = �𝑀𝑥𝑇𝑀𝑦𝑇𝑀𝑧𝑇�  (6.19)
yielding: 
 
∆𝑇1
= 𝑀𝑥𝑇(𝑟2𝑧𝜀2𝑥 − 𝑟2𝑥𝜀2𝑧) + 𝑀𝑦𝑇�𝑟2𝑧𝜀2𝑦 − 𝑟2𝑦𝜀2𝑧�(𝑟1𝑧𝜀1𝑥 − 𝑟1𝑧𝜀1𝑧)�𝑟2𝑧𝜀2𝑦 − 𝑟2𝑦𝜀2𝑧� + �𝑟1𝑦𝜀1𝑧 − 𝑟1𝑧𝜀1𝑦�(𝑟2𝑧𝜀2𝑥 − 𝑟2𝑥𝜀2𝑧)  (6.20)
 
∆𝑇2
= 𝑀𝑥𝑇(𝑟1𝑧𝜀1𝑧 − 𝑟1𝑧𝜀1𝑥) + 𝑀𝑦𝑇�𝑟1𝑦𝜀1𝑦 − 𝑟1𝑧𝜀1𝑦�(𝑟1𝑧𝜀1𝑥 − 𝑟1𝑧𝜀1𝑧)�𝑟2𝑧𝜀2𝑦 − 𝑟2𝑦𝜀2𝑧� + �𝑟1𝑦𝜀1𝑧 − 𝑟1𝑧𝜀1𝑦�(𝑟2𝑧𝜀2𝑥 − 𝑟2𝑥𝜀2𝑧)  (6.21)
A solution exists as long as the third equation in (6.19) is equal to the first equation multiplied by 
a constant, 𝛾, equal to: 
 𝛾 = 𝑀𝑥𝑇𝑀𝑧𝑇   (6.22)
 
6.1.3 Determining the Engine Euler Angles 
 Assume the engine locations are known with respect to the aircraft's center of mass.  
Furthermore, Δ𝑇1 and Δ𝑇2 are known values.  Then the following applies: 
 �
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � ∆𝑇1 = � 0 −𝑟1𝑧∆𝑇1 𝑟1𝑦∆𝑇1𝑟1𝑧∆𝑇1 0 −𝑟1𝑥∆𝑇1−𝑟1𝑦∆𝑇1 𝑟1𝑥∆𝑇1 0 �  (6.23)
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 �
0 −𝑟2𝑧 𝑟2𝑦
𝑟2𝑧 0 −𝑟2𝑥
−𝑟2𝑦 𝑟2𝑥 0 � ∆𝑇2 = � 0 −𝑟2𝑧∆𝑇2 𝑟2𝑦∆𝑇2𝑟2𝑧∆𝑇2 0 −𝑟2𝑥∆𝑇2−𝑟2𝑦∆𝑇2 𝑟2𝑥∆𝑇2 0 �  (6.24)
Equations (6.23) and (6.24) can be substituted into equation (6.4) such that: 
 
�
0 −𝑟1𝑧∆𝑇1 𝑟1𝑦∆𝑇1
𝑟1𝑧∆𝑇1 0 −𝑟1𝑥∆𝑇1
−𝑟1𝑦∆𝑇1 𝑟1𝑥∆𝑇1 0 � �cos𝜓1 cos 𝜃1sin𝜓1 cos𝜃1sin𝜃1 �
+ � 0 −𝑟2𝑧∆𝑇2 𝑟2𝑦∆𝑇2𝑟2𝑧∆𝑇2 0 −𝑟2𝑥∆𝑇2
−𝑟2𝑦∆𝑇2 𝑟2𝑥∆𝑇2 0 � �cos𝜓2 cos𝜃2sin𝜓2 cos 𝜃2sin𝜃2 � = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.25)
This leaves four unknowns and three equations.  Set: 
 𝜃1 = 𝜃2  (6.26)
When equation (6.26) is used to simplify equation (6.25), the equation becomes: 
 
�
0 −𝑟1𝑧∆𝑇1 𝑟1𝑦∆𝑇1
𝑟1𝑧∆𝑇1 0 −𝑟1𝑥∆𝑇1
−𝑟1𝑦∆𝑇1 𝑟1𝑥∆𝑇1 0 � �cos𝜓1 cos𝜃1sin𝜓1 cos 𝜃1sin𝜃1 �
+ � 0 −𝑟2𝑧∆𝑇2 𝑟2𝑦∆𝑇2𝑟2𝑧∆𝑇2 0 −𝑟2𝑥∆𝑇2
−𝑟2𝑦∆𝑇2 𝑟2𝑥∆𝑇2 0 � �cos𝜓2 cos 𝜃1sin𝜓2 cos 𝜃1sin𝜃1 � = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.27)
Now 𝜓1, 𝜃1, and 𝜓2 can be found numerically. 
 If equation (6.26) instead was set such that: 
 𝜓1 = −𝜓2  (6.28)
Then using equation (6.28), equation (6.25) becomes 
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�
0 −𝑟1𝑧∆𝑇1 𝑟1𝑦∆𝑇1
𝑟1𝑧∆𝑇1 0 −𝑟1𝑥∆𝑇1
−𝑟1𝑦∆𝑇1 𝑟1𝑥∆𝑇1 0 � �cos𝜓1 cos𝜃1sin𝜓1 cos 𝜃1sin𝜃1 �
+ � 0 −𝑟2𝑧∆𝑇2 𝑟2𝑦∆𝑇2𝑟2𝑧∆𝑇2 0 −𝑟2𝑥∆𝑇2
−𝑟2𝑦∆𝑇2 𝑟2𝑥∆𝑇2 0 � �−cos𝜓1 cos 𝜃2sin𝜓1 cos𝜃2sin𝜃2 �
= �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.29)
Now 𝜓1, 𝜃1, and 𝜃2 can be found numerically. 
 
6.2 Odd Engine Number Model Example 
 When n is equal to three, equation (6.3) becomes: 
 
�
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �cos𝜓1 cos 𝜃1sin𝜓1 cos𝜃1sin𝜃1 � ∆𝑇1
+ � 0 −𝑟2𝑧 𝑟2𝑦𝑟2𝑧 0 −𝑟2𝑥
−𝑟2𝑦 𝑟2𝑥 0 � �cos𝜓2 cos 𝜃2sin𝜓2 cos𝜃2sin𝜃2 � ∆𝑇2
+ � 0 −𝑟3𝑧 𝑟3𝑦𝑟3𝑧 0 −𝑟3𝑥
−𝑟3𝑦 𝑟3𝑥 0 � �cos𝜓3 cos 𝜃3sin𝜓3 cos𝜃3sin𝜃3 � ∆𝑇3 = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.30)
Assuming that the n=2 engine is located along the XZ-plane.  Equation (6.30) becomes: 
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�
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �cos𝜓1 cos 𝜃1sin𝜓1 cos𝜃1sin𝜃1 � ∆𝑇1
+ � 0 −𝑟2𝑧 0𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � �cos𝜓2 cos 𝜃2sin𝜓2 cos 𝜃2sin𝜃2 � ∆𝑇2
+ � 0 −𝑟3𝑧 𝑟3𝑦𝑟3𝑧 0 −𝑟3𝑥
−𝑟3𝑦 𝑟3𝑥 0 � �cos𝜓3 cos 𝜃3sin𝜓3 cos𝜃3sin𝜃3 � ∆𝑇3 = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.31)
 
6.2.1 Determining the Engine Locations 
 Assume the n=1 and n=3 engine locations, Euler angles, and differential thrust values are 
fully known.  Then, equation (6.31) can be simplified using 
 
�
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �cos𝜓1 cos 𝜃1sin𝜓1 cos𝜃1sin𝜃1 � ∆𝑇1
= � −𝑟1𝑧 sin𝜓1 cos 𝜃1 + 𝑟1𝑦 sin𝜃1𝑟1𝑧 cos𝜓1 cos𝜃1 −𝑟1𝑥 sin𝜃1
−𝑟1𝑦 cos𝜓1 cos𝜃1 + 𝑟1𝑥 sin𝜓1 cos𝜃1� ∆𝑇1 = �𝜀1𝑥𝜀1𝑦𝜀1𝑧� ∆𝑇1 
 (6.32)
 �
cos𝜓2 cos 𝜃2sin𝜓2 cos 𝜃2sin𝜃2 � ∆𝑇2 = �𝜀2𝑥𝜀2𝑦𝜀2𝑧� ∆𝑇2  (6.33)
 
�
0 −𝑟3𝑧 𝑟3𝑦
𝑟3𝑧 0 −𝑟3𝑥
−𝑟3𝑦 𝑟3𝑥 0 � �cos𝜓3 cos 𝜃3sin𝜓3 cos 𝜃3sin𝜃3 � ∆𝑇3
= � −𝑟3𝑧 sin𝜓3 cos𝜃1 + 𝑟3𝑦 sin𝜃3𝑟3𝑧 cos𝜓3 cos𝜃3 −𝑟3𝑥 sin𝜃3
−𝑟3𝑦 cos𝜓3 cos 𝜃3 + 𝑟3𝑥 sin𝜓3 cos 𝜃3� ∆𝑇3 = �𝜀3𝑥𝜀3𝑦𝜀3𝑧� ∆𝑇3 
 (6.34)
to become 
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 �
𝜀1𝑥
𝜀1𝑦
𝜀1𝑧
� ∆𝑇1 + � 0 −𝑟2𝑧 0𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � �𝜀2𝑥𝜀2𝑦𝜀2𝑧� ∆𝑇2 + �𝜀3𝑥𝜀3𝑦𝜀3𝑧� ∆𝑇3 = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.35)
Equation (6.31) can be rewritten as 
 �
0 −𝑟2𝑧 0
𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � �𝜀2𝑥𝜀2𝑦𝜀2𝑧� ∆𝑇2 + �𝜀1𝑥∆𝑇1 + 𝜀3𝑥∆𝑇3𝜀1𝑦∆𝑇1 + 𝜀3𝑦∆𝑇3𝜀1𝑧∆𝑇1 + 𝜀3𝑧∆𝑇3� = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.36)
From equation (6.36) 𝑟2𝑥, 𝑟2𝑧, and ∆𝑇2 can be determined such that: 
 𝑟2𝑥 = 𝑀𝑧𝑇 − 𝜀1𝑧∆𝑇1 − 𝜀3𝑧∆𝑇3𝜀2𝑦∆𝑇2   (6.37)
 𝑟2𝑧 = 𝜀1𝑥∆𝑇1 + 𝜀3𝑧∆𝑇3 −𝑀𝑥𝑇𝜀2𝑦∆𝑇2   (6.38)
 
∆𝑇2 = 𝑀𝑦𝑇 − 𝜀1𝑦∆𝑇1 − 𝜀3𝑦∆𝑇3𝑟2𝑧𝜀2𝑥 − 𝑟2𝑥𝜀2𝑧   (6.39)
Equations (6.37), (6.38), and (6.39) can now be solved numerically. 
 If n=2 engine location, Euler angles, and differential thrust values are fully known and 
the n=1 engine and n=3 engine are symmetric such that: 
 [𝑟1𝑥 𝑟1𝑦 𝑟1𝑧] = [𝑟3𝑥 −𝑟3𝑦 𝑟3𝑧]  (6.40)
then equation (6.31) can be simplified using 
 �
cos𝜓1 cos 𝜃1sin𝜓1 cos𝜃1sin𝜃1 � ∆𝑇1 = �𝜀1𝑥𝜀1𝑦𝜀1𝑧� ∆𝑇1  (6.41)
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�
0 −𝑟2𝑧 0
𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � �cos𝜓2 cos𝜃2sin𝜓2 cos 𝜃2sin𝜃2 � ∆𝑇2
= � −𝑟2𝑧 sin𝜓2 cos𝜃2𝑟2𝑧 cos𝜓2 cos𝜃2 −𝑟2𝑥 sin𝜃2
𝑟2𝑥 sin𝜓2 cos𝜃2 � ∆𝑇2 = �𝜀2𝑥𝜀2𝑦𝜀2𝑧� ∆𝑇2 
 (6.42)
 �
cos𝜓3 cos 𝜃3sin𝜓3 cos 𝜃3sin𝜃3 � ∆𝑇3 = �𝜀3𝑥𝜀3𝑦𝜀3𝑧� ∆𝑇3  (6.43)
to become: 
 
�
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �𝜀1𝑥𝜀1𝑦𝜀1𝑧� ∆𝑇1 + �𝜀2𝑥𝜀2𝑦𝜀2𝑧� ∆𝑇2 + � 0 −𝑟1𝑧 −𝑟1𝑦𝑟1𝑧 0 −𝑟1𝑥𝑟1𝑦 𝑟1𝑥 0 � �𝜀3𝑥𝜀3𝑦𝜀3𝑧� ∆𝑇3
= �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.44)
or: 
 
�
0 𝜀1𝑧∆𝑇1 − 𝜀3𝑧∆𝑇3 −�𝜀1𝑦∆𝑇1 + 𝜀3𝑦∆𝑇3�
−(𝜀1𝑧∆𝑇1 + 𝜀3𝑧∆𝑇3) 0 𝜀1𝑥∆𝑇1 + 𝜀3𝑥∆𝑇3
𝜀1𝑦∆𝑇1 + 𝜀3𝑦∆𝑇3 −(𝜀1𝑥∆𝑇1 − 𝜀3𝑥∆𝑇3) 0 � �
𝑟1𝑥
𝑟1𝑦
𝑟1𝑧
�
= �𝑀𝑥𝑇 − 𝜀2𝑥∆𝑇2𝑀𝑦𝑇 − 𝜀2𝑦∆𝑇2
𝑀𝑧𝑇 − 𝜀2𝑧∆𝑇2
� 
 (6.45)
From equation (6.45) 𝑟1𝑥, 𝑟1𝑦, and  𝑟1𝑧 can be determined if the determinant in the matrix is non-
zero.  The determinant yields: 
 
𝜀1𝑦𝜀1𝑧𝜀3𝑥∆𝑇1
2∆𝑇3 − 𝜀1𝑥𝜀1𝑦𝜀3𝑧∆𝑇1
2∆𝑇3 − 𝜀1𝑥𝜀3𝑦𝜀3𝑧∆𝑇1∆𝑇3
2
− 𝜀1𝑧𝜀3𝑥𝜀3𝑦∆𝑇1∆𝑇3
2 ≠ 0  (6.46)
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When equations (6.41) and (6.43) are substituted back into equation (6.46) it becomes: 
 
sin𝜓1 cos 𝜃1 sin𝜃1 cos𝜓3 cos 𝜃3 ∆𝑇12∆𝑇3
− cos𝜓1 cos 𝜃1 sin𝜓1 cos𝜃1 sin𝜃3 ∆𝑇12∆𝑇3
− cos𝜓1 cos 𝜃1 sin𝜓3 cos 𝜃3 sin𝜃3 ∆𝑇1∆𝑇32
− sin𝜃1 cos𝜓3 cos𝜃3 sin𝜓3 cos 𝜃3 ∆𝑇1∆𝑇32 ≠ 0 
 (6.47)
When ∆𝑇1 = ∆𝑇3 = ∆𝑇 the ∆𝑇 terms drop out and equation (6.47) becomes: 
 
sin𝜓1 cos𝜃1 sin𝜃1 cos𝜓3 cos𝜃3 − cos𝜓1 cos𝜃1 sin𝜓1 cos 𝜃1 sin𝜃3
− cos𝜓1 cos𝜃1 sin𝜓3 cos𝜃3 sin𝜃3
− sin𝜃1 cos𝜓3 cos 𝜃3 sin𝜓3 cos𝜃3 ≠ 0  (6.48)
If the engine angles are symmetrical with respect the aircraft’s CG, then 𝜃1 = 𝜃3 and 𝜓1 = −𝜓3 
and equation (6.48) can be rewritten as: 
 
sin𝜃1 sin𝜓1 cos 𝜃1 cos𝜓1 cos𝜃1 − sin𝜃1 (− sin𝜓1) cos𝜃1 cos𝜓1 cos 𝜃1+ sin𝜃1 sin𝜓1 cos𝜃1 cos𝜓1 cos 𝜃1
− sin𝜃1 (− sin𝜓1) cos𝜃1 cos𝜓1 cos 𝜃1 ≠ 0  (6.49)
 4 sin𝜃1 sin𝜓1 cos𝜃1 cos𝜓1 cos 𝜃1 ≠ 0  (6.50)
To ensure a non-zero determinate, the conditions in Table 6-2 must be satisfied. 
Table 6-2: Conditions for a Non-Zero determinate for Equation (6.50) 
Parameter Condition 
𝜃1 ≠ 0 
𝜃1 ≠ 𝜋 2�  
𝜓1 ≠ 0 
𝜓1 ≠ 𝜋 2�  
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6.2.2 Determining the Thrust Control Authority 
If the Euler angles and engine locations are fully known, then equation (6.31) can be 
simplified using: 
 
�
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �cos𝜓1 cos 𝜃1sin𝜓1 cos 𝜃1sin𝜃1 �
= � −𝑟1𝑧 sin𝜓1 cos 𝜃1 + 𝑟1𝑦 sin𝜃1𝑟1𝑧 cos𝜓1 cos𝜃1 −𝑟1𝑥 sin𝜃1
−𝑟1𝑦 cos𝜓1 cos 𝜃1 + 𝑟1𝑥 sin𝜓1 cos𝜃1� = �𝜀1𝑥𝜀1𝑦𝜀1𝑧� 
 (6.51)
 
�
0 −𝑟2𝑧 0
𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � �cos𝜓2 cos 𝜃2sin𝜓2 cos𝜃2sin𝜃2 � = � −𝑟2𝑧 sin𝜓2 cos𝜃1𝑟2𝑧 cos𝜓2 cos𝜃2 −𝑟2𝑥 sin𝜃2𝑟2𝑥 sin𝜓2 cos 𝜃2 �
= �𝜀2𝑥𝜀2𝑦
𝜀2𝑧
� 
 (6.52)
 
�
0 −𝑟3𝑧 𝑟3𝑦
𝑟3𝑧 0 −𝑟3𝑥
−𝑟3𝑦 𝑟3𝑥 0 � �cos𝜓3 cos 𝜃3sin𝜓3 cos𝜃3sin𝜃3 �
= � −𝑟3𝑧 sin𝜓3 cos𝜃3 + 𝑟3𝑦 sin𝜃3𝑟1𝑧 cos𝜓3 cos𝜃3 −𝑟3𝑥 sin𝜃3
−𝑟3𝑦 cos𝜓3 cos𝜃3 + 𝑟3𝑥 sin𝜓3 cos 𝜃3� = �𝜀3𝑥𝜀3𝑦𝜀3𝑧� 
 (6.53)
to become: 
 �
𝜀1𝑥
𝜀1𝑦
𝜀1𝑧
� ∆𝑇1 + �𝜀2𝑥𝜀2𝑦
𝜀2𝑧
� ∆𝑇2 + �𝜀3𝑥𝜀3𝑦
𝜀3𝑧
� ∆𝑇3 = �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.54)
or: 
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 �
𝜀1𝑥
𝜀1𝑦
𝜀1𝑧
𝜀2𝑥
𝜀2𝑦
𝜀2𝑧
𝜀3𝑥
𝜀3𝑦
𝜀3𝑧
� �
∆𝑇1
∆𝑇2
∆𝑇3
� = �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.55)
For equation (6.55) to have a solution, the determinate of the matrix must be non-zero. Following 
the methodology in previous sections, the determinant is determined as: 
 𝜀1𝑥�𝜀2𝑦𝜀3𝑧 − 𝜀2𝑧𝜀3𝑦� − 𝜀2𝑥�𝜀1𝑦𝜀3𝑧 − 𝜀1𝑧𝜀3𝑦� + 𝜀3𝑥�𝜀1𝑦𝜀2𝑧 − 𝜀1𝑧𝜀2𝑦� ≠ 0  (6.56)
When equations (6.51), (6.52), and (6.53) are substituted into equation (6.56), several conditions 
need to be satisfied in order for the equation to remain non-zero.  These are outlined in Table 
6-3. 
Table 6-3: Conditions for a Non-Zero for Equation (6.56) 
Parameter Condition 
𝜃1 ≠ 0 
𝜃1 ≠ 𝜋 2�  
𝜓1 ≠ 0 
𝜓1 ≠ 𝜋 2�  
𝜃2 ≠ 0 
𝜃2 ≠ 𝜋 2�  
𝜓2 ≠ 0 
𝜓2 ≠ 𝜋 2�  
𝜃3 ≠ 0 
𝜃3 ≠ 𝜋 2�  
𝜓3 ≠ 0 
𝜓3 ≠ 𝜋 2�  
 
6.2.3 Determining the Engine Euler Angles 
If the engine locations and differential thrust are known, the Euler angles can be found by 
simplifying equation (6.31) using: 
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 �
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � ∆𝑇1 = �−𝑟1𝑧∆𝑇1 + 𝑟1𝑦∆𝑇1𝑟1𝑧∆𝑇1−𝑟1𝑥∆𝑇1−𝑟1𝑦∆𝑇1 + 𝑟1𝑥∆𝑇1� = �𝜀1𝑥𝜀1𝑦𝜀1𝑧�  (6.57)
 �
0 −𝑟2𝑧 0
𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � ∆𝑇2 = � −𝑟2𝑧∆𝑇2𝑟2𝑧∆𝑇2−𝑟2𝑥∆𝑇2𝑟2𝑥∆𝑇2 � = �𝜀2𝑥𝜀2𝑦𝜀2𝑧�  (6.58)
 �
0 −𝑟3𝑧 𝑟3𝑦
𝑟3𝑧 0 −𝑟3𝑥
−𝑟3𝑦 𝑟3𝑥 0 � ∆𝑇3 = �−𝑟3𝑧∆𝑇3 + 𝑟3𝑦∆𝑇3𝑟3𝑧∆𝑇3 − 𝑟3𝑥∆𝑇3−𝑟3𝑦∆𝑇3 + 𝑟3𝑥∆𝑇3� = �𝜀3𝑥𝜀3𝑦𝜀3𝑧�  (6.59)
to become: 
 
�
𝜀1𝑥
𝜀1𝑦
𝜀1𝑧
� �
cos𝜓1 cos 𝜃1sin𝜓1 cos 𝜃1sin𝜃1 � + �𝜀2𝑥𝜀2𝑦𝜀2𝑧� �cos𝜓2 cos 𝜃2sin𝜓2 cos 𝜃2sin𝜃2 � + �𝜀3𝑥𝜀3𝑦𝜀3𝑧� �cos𝜓3 cos 𝜃3sin𝜓3 cos 𝜃3sin𝜃3 �
= �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
� 
 (6.60)
If the 𝜃 components are held constant, equation (6.60) can be simplified by rewriting 
equations (6.57), (6.58), and (6.59) such that: 
 �
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �cos 𝜃1cos 𝜃1sin𝜃1� ∆𝑇1 = �−𝑟1𝑧∆𝑇1 + 𝑟1𝑦∆𝑇1𝑟1𝑧∆𝑇1−𝑟1𝑥∆𝑇1−𝑟1𝑦∆𝑇1 + 𝑟1𝑥∆𝑇1� �cos𝜃1cos𝜃1sin𝜃1� = �𝜀1𝑥𝜀1𝑦𝜀1𝑧�  (6.61)
 �
0 −𝑟2𝑧 0
𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � �cos 𝜃2cos 𝜃2sin𝜃2� ∆𝑇2 = � −𝑟2𝑧∆𝑇2𝑟2𝑧∆𝑇2−𝑟2𝑥∆𝑇2𝑟2𝑥∆𝑇2 � �cos𝜃2cos𝜃2sin𝜃2� = �𝜀2𝑥𝜀2𝑦𝜀2𝑧�  (6.62)
 �
0 −𝑟3𝑧 𝑟3𝑦
𝑟3𝑧 0 −𝑟3𝑥
−𝑟3𝑦 𝑟3𝑥 0 � �cos 𝜃3cos 𝜃3sin𝜃3� ∆𝑇3 = �−𝑟3𝑧∆𝑇3 + 𝑟3𝑦∆𝑇3𝑟3𝑧∆𝑇3 − 𝑟3𝑥∆𝑇3−𝑟3𝑦∆𝑇3 + 𝑟3𝑥∆𝑇3� �cos𝜃3cos𝜃3sin𝜃3� = �𝜀3𝑥𝜀3𝑦𝜀3𝑧�  (6.63)
yielding: 
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 �
𝜀1𝑥cos𝜓1
𝜀1𝑦 sin𝜓1
𝜀1𝑧
� + �𝜀2𝑥cos𝜓2𝜀2𝑦 sin𝜓2
𝜀2𝑧
� + �𝜀3𝑥cos𝜓3𝜀3𝑦 sin𝜓3
𝜀3𝑧
� = �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.64)
In order for a solution to exist to equation (6.64), one further condition must be imposed.  If 
𝜓2 = 0, then equation (6.64) becomes: 
 �
𝜀1𝑥cos𝜓1
𝜀1𝑦 sin𝜓1
𝜀1𝑧
� + �𝜀2𝑥0
𝜀2𝑧
� + �𝜀3𝑥cos𝜓3𝜀3𝑦 sin𝜓3
𝜀3𝑧
� = �𝑀𝑥𝑇𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.65)
Equation (6.65) can be used to find 𝜓1 and 𝜓3 numerically. 
 If the 𝜓 components are held constant, equation (6.60) can be simplified by rewriting 
equations (6.57), (6.58), and (6.59) such that: 
 �
0 −𝑟1𝑧 𝑟1𝑦
𝑟1𝑧 0 −𝑟1𝑥
−𝑟1𝑦 𝑟1𝑥 0 � �cos𝜓1sin𝜓11 � ∆𝑇1 = �−𝑟1𝑧∆𝑇1 + 𝑟1𝑦∆𝑇1𝑟1𝑧∆𝑇1−𝑟1𝑥∆𝑇1−𝑟1𝑦∆𝑇1 + 𝑟1𝑥∆𝑇1� �cos𝜓1sin𝜓11 � = �𝜀1𝑥𝜀1𝑦𝜀1𝑧�  (6.66)
 �
0 −𝑟2𝑧 0
𝑟2𝑧 0 −𝑟2𝑥0 𝑟2𝑥 0 � �cos𝜓2sin𝜓21 � ∆𝑇2 = � −𝑟2𝑧∆𝑇2𝑟2𝑧∆𝑇2−𝑟2𝑥∆𝑇2𝑟2𝑥∆𝑇2 � �cos𝜓2sin𝜓21 � = �𝜀2𝑥𝜀2𝑦𝜀2𝑧�  (6.67)
 �
0 −𝑟3𝑧 𝑟3𝑦
𝑟3𝑧 0 −𝑟3𝑥
−𝑟3𝑦 𝑟3𝑥 0 � �cos𝜓3sin𝜓31 � ∆𝑇3 = �−𝑟3𝑧∆𝑇3 + 𝑟3𝑦∆𝑇3𝑟3𝑧∆𝑇3 − 𝑟3𝑥∆𝑇3−𝑟3𝑦∆𝑇3 + 𝑟3𝑥∆𝑇3� �cos𝜓3sin𝜓31 � = �𝜀3𝑥𝜀3𝑦𝜀3𝑧�  (6.68)
yielding: 
 �
𝜀1𝑥
𝜀1𝑦
𝜀1𝑧
� �
cos 𝜃1cos 𝜃1sin𝜃1� + �𝜀2𝑥𝜀2𝑦𝜀2𝑧� �cos𝜃2cos𝜃2sin𝜃2� + �𝜀3𝑥𝜀3𝑦𝜀3𝑧� �cos 𝜃3cos 𝜃3sin𝜃3� = �
𝑀𝑥𝑇
𝑀𝑦𝑇
𝑀𝑧𝑇
�  (6.69)
Equation (6.69) can be used to determine 𝜃1, 𝜃2, and 𝜃3 numerically. 
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Chapter 7: Analysis of Engine Compensation for Specific Actuator Failures 
 The complete governing equation from equation (3.17) and (6.1) is 
 
���
0 −𝑟𝑖𝑧 𝑟𝑖𝑦
𝑟𝑖𝑧 0 −𝑟𝑖𝑥
−𝑟𝑖𝑦 𝑟𝑖𝑥 0 �𝐵 �
cos𝜓𝑖 cos 𝜃𝑖sin𝜓𝑖 cos𝜃𝑖sin𝜃𝑖 �𝐵 ∆𝑇𝑖�
𝑛
𝑖=1
= �
⎩
⎪
⎨
⎪
⎧
⎣
⎢
⎢
⎢
⎡�𝑀𝑥𝛿𝑗�𝑁
�𝑀𝑦𝛿𝑗�𝑁
�𝑀𝑧𝛿𝑗�𝑁⎦
⎥
⎥
⎥
⎤
𝐵
𝛿𝑗𝐶 −
⎣
⎢
⎢
⎢
⎡�𝑀𝑥𝛿𝑗�𝐹
�𝑀𝑦𝛿𝑗�𝐹
�𝑀𝑧𝛿𝑗�𝐹⎦
⎥
⎥
⎥
⎤
𝐵
𝛿𝑗𝐹
⎭
⎪
⎬
⎪
⎫
𝑚
𝑗=1
 
 (7.1)
If the aerodynamic control surface j is stuck at a deflection 𝛿𝑗𝐹.  This means that the 
aerodynamic characteristics of the control surface are not altered and the following holds true: 
 
𝑑𝑀��⃗ 𝑁𝑗
𝑑𝛿𝑗
= 𝑑𝑀��⃗ 𝐹𝑗
𝑑𝛿𝑗
  (7.2)
and the moment due to the failure is: 
 𝑀��⃗ 𝐹𝑗 = 𝑑𝑀��⃗ 𝑁𝑗𝑑𝛿𝑗 �𝛿𝑗𝐶 − 𝛿𝑗𝐹�  (7.3)
Equation (7.1) becomes 
 ���
0 −𝑟𝑖𝑧 𝑟𝑖𝑦
𝑟𝑖𝑧 0 −𝑟𝑖𝑥
−𝑟𝑖𝑦 𝑟𝑖𝑥 0 �𝐵 �
cos𝜓𝑖 cos𝜃𝑖sin𝜓𝑖 cos 𝜃𝑖sin𝜃𝑖 �𝐵 ∆𝑇𝑖� = �
⎩
⎪
⎨
⎪
⎧
�𝛿𝑗𝐶 − 𝛿𝑗𝐹�
⎣
⎢
⎢
⎢
⎡�𝑀𝑥𝛿𝑗�𝑁
�𝑀𝑦𝛿𝑗�𝑁
�𝑀𝑧𝛿𝑗�𝑁⎦
⎥
⎥
⎥
⎤
𝐵⎭
⎪
⎬
⎪
⎫
𝑚
𝑗=1
𝑛
𝑖=1
  (7.4)
 For the following discussion it is assumed that the aircraft is equipped with two identical 
engines (n = 2, left = L, right = R) located symmetrically such that 
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 [𝑟𝑂𝑃𝑅]𝐵 = [𝑟𝑥 𝑟𝑦 𝑟𝑧]𝐵𝑇   (7.5)
 [𝑟𝑂𝑃𝐿]𝐵 = [𝑟𝑥 −𝑟𝑦 𝑟𝑧]𝐵𝑇   (7.6)
 
�∆𝑇�⃗ 𝑅�𝐵 = �∆𝑇𝑥𝑅∆𝑇𝑦𝑅
∆𝑇𝑧𝑅
�
𝐵
= 𝐿𝐵𝑇𝑅�∆𝑇�⃗ 𝑅�𝑇𝑅 = �cos𝜓𝑅 cos 𝜃𝑅sin𝜓𝑅 cos𝜃𝑅sin𝜃𝑅 �𝐵 ∆𝑇𝑅 = �
𝜀1𝑅
𝜀2𝑅
𝜀3𝑅
�
𝐵
∆𝑇𝑅 
 (7.7)
 
�∆𝑇�⃗ 𝐿�𝐵 = �∆𝑇𝑥𝐿∆𝑇𝑦𝐿
∆𝑇𝑧𝐿
�
𝐵
= 𝐿𝐵𝑇𝐿�∆𝑇�⃗ 𝐿�𝑇𝐿 = �cos𝜓𝐿 cos𝜃𝐿sin𝜓𝐿 cos 𝜃𝐿sin𝜃𝐿 �𝐵 ∆𝑇𝐿 = �
𝜀1𝐿
𝜀2𝐿
𝜀3𝐿
�
𝐵
∆𝑇𝐿 
 (7.8)
 An additional discussion is presented in Chapter 9:Appendix A: for an aircraft equipped 
with three identical engines (n = 3, left = L, center = C, right = R) located symmetrically. 
7.1 Elevator Failure 
 If the assumption is made that the left elevator is locked at a deflection 𝛿𝑒𝐿𝐹, then the 
failure will affect the pitching moment and the rolling moment.  It is assumed that the effects on 
the yawing moment are negligible.  Under these conditions and omitting the subscript N for 
simplicity, equation (7.4) becomes 
 
�
0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0 �𝐵 �
∆𝑇𝑥𝑅
∆𝑇𝑦𝑅
∆𝑇𝑧𝑅
�
𝐵
+ �0 −𝑟𝑧 −𝑟𝑦𝑟𝑧 0 −𝑟𝑥
𝑟𝑦 𝑟𝑥 0 �𝐵 �
∆𝑇𝑥𝐿
∆𝑇𝑦𝐿
∆𝑇𝑧𝐿
�
𝐵
= (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵 
 (7.9)
Furthermore 
 �
−𝑟𝑧�∆𝑇𝑦𝑅 + ∆𝑇𝑦𝐿� + 𝑟𝑦(∆𝑇𝑧𝑅 − ∆𝑇𝑧𝐿)
𝑟𝑧(∆𝑇𝑥𝑅 + ∆𝑇𝑥𝐿) − 𝑟𝑥(∆𝑇𝑧𝑅 + ∆𝑇𝑧𝐿)
−𝑟𝑦(∆𝑇𝑥𝑅 − ∆𝑇𝑥𝐿) + 𝑟𝑥�∆𝑇𝑦𝑅 + ∆𝑇𝑦𝐿��𝐵 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �
𝑀𝑥𝛿𝑒𝐿
𝑀𝑦𝛿𝑒𝐿0 �𝐵  (7.10)
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or using equations (7.7) and (7.8), equation (7.10) becomes 
 
�
−𝑟𝑧(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑦(∆𝑇𝑅𝜀3𝑅 − ∆𝑇𝐿𝜀3𝐿)
𝑟𝑧(∆𝑇𝑅𝜀1𝑅 + ∆𝑇𝐿𝜀1𝐿) − 𝑟𝑥(∆𝑇𝑅𝜀3𝑅 + ∆𝑇𝐿𝜀3𝐿)
−𝑟𝑦(∆𝑇𝑅𝜀1𝑅 − ∆𝑇𝐿𝜀1𝐿) + 𝑟𝑥(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿)�𝐵
= (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵 
 (7.11)
This is a system of three equations and nine unknowns (𝑟𝑥, 𝑟𝑦, 𝑟𝑧, ∆𝑇𝑅, ∆𝑇𝐿, 𝜃𝑅, 𝜓𝑅, 𝜃𝐿, and 𝜓𝐿).  
If it is assumed that changing the direction of the thrust vector is not used for control, then the 
engine Euler angles are constant and respectively equal in magnitude and symmetric for the left 
and right engine.  As a consequence: 
 𝜀1𝑅 = 𝜀1𝐿 = 𝜀1, 𝜀2𝑅 = 𝜀2𝐿 = 𝜀2, and 𝜀3𝑅 = 𝜀3𝐿 = 𝜀3  (7.12)
and the number of unknowns – variables that can potentially be used for control – is reduced to 
five (𝑟𝑥, 𝑟𝑦, 𝑟𝑧, ∆𝑇𝑅, and ∆𝑇𝐿): 
 �
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀1 + 𝑟𝑥(∆𝑇𝑅 − ∆𝑇𝐿)𝜀2�𝐵 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �
𝑀𝑥𝛿𝑒𝐿
𝑀𝑦𝛿𝑒𝐿0 �𝐵  (7.13)
If the axes of the engines are parallel to the aircraft longitudinal axis, then 𝜀1 = 1, 𝜀2 = 𝜀3 = 0, 
and the compensating engine moment is: 
 � 𝑀��⃗ 𝑒𝑖
2
𝑖=1
�
𝐵
= � 0𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)�𝐵  (7.14)
In this case, the rolling effects of the failure cannot be compensated and an undesirable yawing 
moment is produced unless ∆𝑇𝑅 = ∆𝑇𝐿 = ∆𝑇.  The pitching effects of the failure can be 
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compensated if the engines are located off the body-axes horizontal plane (𝑟𝑧 ≠ 0).  If this is 
true, then: 
 2𝑟𝑧∆𝑇 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)  (7.15)
 To compensate for the rolling effects of the failure, 𝜀2 ≠ 0 and/or 𝜀3 ≠ 0.  Collective 
thrust (∆𝑇𝑅 = ∆𝑇𝐿 = ∆𝑇) or differential thrust (∆𝑇𝑅 ≠ ∆𝑇𝐿) can be used.  For the collective 
thrust case, equation (7.13) becomes: 
 �
−2𝑟𝑧∆𝑇𝜀2
𝑟𝑧∆𝑇𝜀1 − 𝑟𝑥∆𝑇𝜀30 �𝐵 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵  (7.16)
The following conditions result as necessary for rolling compensation: 
 𝑟𝑧 ≠ 0, 𝜓𝑅 = 𝜓𝐿 ≠ 0, and 𝜃𝑅 = 𝜃𝐿 ≠ 𝜋2  (7.17)
Assuming that the devices considered are the actual aircraft main propulsion system, then |𝜓𝑅| = |𝜓𝐿| ≠ 𝜋2 and 𝜀1 ≠ 0.  Pitching compensation capabilities are maintained if: 
 𝜃𝑅 = 𝜃𝐿 = 0 or 𝑟𝑥 = 0      ⇒      𝑟𝑥∆𝑇𝜀1 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿  (7.18)
or: 
 𝑟𝑧𝜀1 ≠ 𝑟𝑥𝜀3      ⇒      (𝑟𝑧𝜀1 − 𝑟𝑥𝜀3)∆𝑇 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿  (7.19)
 For the differential thrust case, considering that 𝜀1 ≠ 0 for the actual main aircraft 
propulsion system, the yawing effects are avoided if: 
 𝑟𝑦𝜀1 = 𝑟𝑥𝜀2  (7.20)
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Assuming that the differential thrust control is symmetric, that is ∆𝑇𝑅 = −∆𝑇𝐿 = ∆𝑇, then engine 
compensating moment becomes: 
 � 𝑀��⃗ 𝑒𝑖
2
𝑖=1
�
𝐵
= �2𝑟𝑦∆𝑇𝜀300 �𝐵  (7.21)
The following conditions result as necessary for rolling compensation: 
 𝑟𝑦 ≠ 0 and 𝜃𝑅 = 𝜃𝐿 ≠ 0  (7.22)
In order to maintain pitching moment compensation capabilities, ∆𝑇𝑅 ≠ ∆𝑇𝐿 and equation (7.13) 
becomes: 
 �
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀30 �𝐵 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �
𝑀𝑥𝛿𝑒𝐿
𝑀𝑦𝛿𝑒𝐿0 �𝐵  (7.23)
The additional conditions for both rolling and pitching compensation result in: 
 𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 ≠ 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3  (7.24)
 𝑟𝑧𝜀1 ≠ 𝑟𝑥𝜀3  (7.25)
If the location and orientation of the two thrust vectors are fixed, then equation (7.23) can 
be used to solve for ∆𝑇𝑅 and ∆𝑇𝐿.  Assuming that equation (7.24) and equation (7.25) are valid, 
this yields: 
 ∆𝑇𝑅 = 12�(𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿𝑟𝑧𝜀1 − 𝑟𝑥𝜀3 − (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑥𝛿𝑒𝐿𝑟𝑧𝜀2 − 𝑟𝑦𝜀3 �  (7.26)
 ∆𝑇𝐿 = 12�(𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿𝑟𝑧𝜀1 − 𝑟𝑥𝜀3 + (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑥𝛿𝑒𝐿𝑟𝑧𝜀2 − 𝑟𝑦𝜀3 �  (7.27)
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 If ∆𝑇𝑅 and ∆𝑇𝐿 are known as well as the moments produced by the failed elevator and 
assuming that there is no change in the thrust vector, then equation (7.13) can be utilized in order 
to find the engine positions.  Solving equation (7.13) for 𝑟𝑥, 𝑟𝑦, and 𝑟𝑧 yields: 
 𝑟𝑥 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑥𝛿𝑒𝐿𝜀1(∆𝑇𝑅 + ∆𝑇𝐿) + (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿𝜀2(∆𝑇𝑅 − ∆𝑇𝐿)2𝜀2𝜀3∆𝑇𝐿(∆𝑇𝑅 + ∆𝑇𝐿)   (7.28)
 𝑟𝑦 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑥𝛿𝑒𝐿𝜀1(∆𝑇𝑅 + ∆𝑇𝐿) + (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿𝜀2(∆𝑇𝑅 − ∆𝑇𝐿)2𝜀1𝜀3∆𝑇𝐿(−∆𝑇𝑅 + ∆𝑇𝐿)   (7.29)
 𝑟𝑧 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑥𝛿𝑒𝐿𝜀1 + (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿𝜀22𝜀1𝜀2∆𝑇𝐿   (7.30)
 
7.2 Aileron Failure 
 If it is assumed that the left aileron is locked at a deflection 𝛿𝑎𝐿𝐹.  The failure will affect 
primarily the rolling and to a lesser extent the yawing moment, while it is assumed that the 
effects on the pitching moment are negligible.  Following the same procedure as for the elevator, 
an equation similar to equation (7.11) is obtained: 
 
�
−𝑟𝑧(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑦(∆𝑇𝑅𝜀3𝑅 − ∆𝑇𝐿𝜀3𝐿)
𝑟𝑧(∆𝑇𝑅𝜀1𝑅 + ∆𝑇𝐿𝜀1𝐿) − 𝑟𝑥(∆𝑇𝑅𝜀3𝑅 + ∆𝑇𝐿𝜀3𝐿)
−𝑟𝑦(∆𝑇𝑅𝜀1𝑅 − ∆𝑇𝐿𝜀1𝐿) + 𝑟𝑥(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿)�𝐵
= (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹) �𝑀𝑥𝛿𝑎𝐿0
𝑀𝑧𝛿𝑎𝐿
�
𝐵
 
 (7.31)
Assuming again that changing the direction of the thrust vector is not used for control and 
considering equation (7.12): 
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 �
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀1 + 𝑟𝑥(∆𝑇𝑅 − ∆𝑇𝐿)𝜀2�𝐵 = (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹) �
𝑀𝑥𝛿𝑎𝐿0
𝑀𝑧𝛿𝑎𝐿
�
𝐵
  (7.32)
Since a compensatory rolling moment must be produced, differential vertical and/or lateral thrust 
components are necessary.  If it is assumed that differential symmetric thrust is used (∆𝑇𝑅 =
−∆𝑇𝐿 = ∆𝑇), then: 
 �
2𝑟𝑦∆𝑇𝜀30
−2𝑟𝑦∆𝑇𝜀1 + 2𝑟𝑥∆𝑇𝜀2�𝐵 = (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹) �
𝑀𝑥𝛿𝑎𝐿0
𝑀𝑧𝛿𝑎𝐿
�
𝐵
  (7.33)
The additional conditions for rolling moment compensation are: 
 𝜃𝑅 = 𝜃𝐿 ≠ 0 and 𝑟𝑦 ≠ 0  (7.34)
Furthermore, yawing compensation is provided if: 
 𝑟𝑦𝜀1 ≠ 𝑟𝑥𝜀2  (7.35)
 If the location and orientation of the engine thrust vectors are fixed, then equation (7.33) 
can be used to solve for ∆𝑇.  Assuming that equation (7.34) and (7.35) are valid, this yields: 
 ∆𝑇 = (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹)𝑀𝑥𝛿𝑎𝐿2𝑟𝑦𝜀3   (7.36)
or: 
 ∆𝑇 = (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹)𝑀𝑧𝛿𝑎𝐿2𝑟𝑥𝜀2 − 2𝑟𝑦𝜀1   (7.37)
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7.3 Rudder Failure 
 Assume that the rudder is locked at a deflection 𝛿𝑟𝐹.  The failure will affect primarily the 
yawing and to some extent the rolling moment, while it is assumed that the effects on the 
pitching moment are negligible.  Following the same procedure as for the elevator failure, an 
equation similar to equation (7.11) is obtained as: 
 �
−𝑟𝑧(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑦(∆𝑇𝑅𝜀3𝑅 − ∆𝑇𝐿𝜀3𝐿)
𝑟𝑧(∆𝑇𝑅𝜀1𝑅 + ∆𝑇𝐿𝜀1𝐿) − 𝑟𝑥(∆𝑇𝑅𝜀3𝑅 + ∆𝑇𝐿𝜀3𝐿)
−𝑟𝑦(∆𝑇𝑅𝜀1𝑅 − ∆𝑇𝐿𝜀1𝐿) + 𝑟𝑥(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿)�𝐵 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹) �
𝑀𝑥𝛿𝑟0
𝑀𝑧𝛿𝑟
�
𝐵
  (7.38)
Assuming again that changing the direction of the thrust vector is not used for control and 
considering equation (7.12): 
 �
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀1 + 𝑟𝑥(∆𝑇𝑅 − ∆𝑇𝐿)𝜀2�𝐵 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹) �
𝑀𝑥𝛿𝑟0
𝑀𝑧𝛿𝑟
�
𝐵
  (7.39)
Since a compensatory yawing moment must be produced primarily, differential longitudinal 
thrust components are sufficient provided the distance from the engine to the vertical plane of 
symmetry is large enough.  If differential symmetric thrust (∆𝑇𝑅 = −∆𝑇𝐿 = ∆𝑇) is used, then: 
 �
2𝑟𝑦∆𝑇𝜀30
−2�𝑟𝑦𝜀1 − 𝑟𝑥𝜀2�∆𝑇�𝐵 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹) �
𝑀𝑥𝛿𝑟0
𝑀𝑧𝛿𝑟
�
𝐵
  (7.40)
Equation (7.40) shows that if the location and the orientation of the two thrust vectors are fixed 
then differential thrust commands can be determined in order to produce compensation of the 
yawing moment.  The necessary thrust is: 
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 ∆𝑇 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹)𝑀𝑧𝛿𝑟−2�𝑟𝑦𝜀1 − 𝑟𝑥𝜀2�  (7.41)
However, it might be necessary to compensate for the residual moment on the lateral channel by 
using the aileron. 
 If the engine thrust differential is known as well as the moments produced by the failed 
rudder and assuming that there is no change in the thrust vector, then equation (7.39) can be used 
to determine the engine positions.  Solving for 𝑟𝑥, 𝑟𝑦, and 𝑟𝑧 yields: 
 𝑟𝑥 = 𝛿𝑟𝐶 − 𝛿𝑟𝐹(∆𝑇𝑅 − ∆𝑇𝐿)𝜀2 �2𝑀𝑧𝛿𝑟 + 𝑀𝑥𝛿𝑟𝜀1𝜀3 � − 1  (7.42)
 𝑟𝑦 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹)�𝑀𝑥𝛿𝑟𝜀1 + 𝑀𝑧𝛿𝑟𝜀3�(∆𝑇𝑅 − ∆𝑇𝐿)𝜀1𝜀3 − 𝜀2𝜀1  (7.43)
 𝑟𝑧 = 𝛿𝑟𝐶 − 𝛿𝑟𝐹(∆𝑇𝑅 − ∆𝑇𝐿)𝜀2 �2𝑀𝑧𝛿𝑟𝜀3𝜀1 + 𝑀𝑥𝛿𝑟� − 𝜀3𝜀1  (7.44)
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Chapter 8: Simulation Results and Discussion 
8.1 Nominal Flight Condition 
The nominal conditions flight test is based on the dynamics of a Boeing 747 model flying 
at an altitude of 10,668 meters (36,000 feet) above sea level with negligible wind and turbulence 
effects.  The aircraft is flying at an average speed of 250 meters per second (559 miles per hour).  
The engines are numbered from farthest location on the pilot’s left to the farthest location on the 
pilot’s right.  Therefore, for this aircraft there are two engines on the pilot’s left with Engine #1 
being closer to the wingtip and Engine #2 being closer to the aircraft fuselage.  Engine #3 is 
closer to the fuselage on the pilot’s right and Engine #4 is closer to the wingtip on the pilot’s 
right.  The engine locations are assumed to be symmetrical about the longitudinal plane such that [𝑟1𝑥 𝑟1𝑦 𝑟1𝑧] = [𝑟4𝑥 −𝑟4𝑦 𝑟4𝑧] and [𝑟2𝑥 𝑟2𝑦 𝑟2𝑧] = [𝑟3𝑥 −𝑟3𝑦 𝑟3𝑧].  This assumption 
is held throughout all of the experiments. 
The nominal flight consists of five main sections.  For the first 60 seconds of flight no 
pilot input is given to the aircraft.  Between the 61 second mark and the 120 second mark a roll 
doublet is executed.  During the course of the next 60 seconds a pitch doublet is performed.  A 
yaw doublet is then carried out between the 181 second mark and 240 second mark of the 
experiment.  Finally, a throttle doublet  completes the set of nominal conditions tests. 
For the purposes of the nominal test flight and all other test flights within this thesis, two 
factors must be defined.  A “controllable” flight is one where the aircraft is capable of 
maintaining relatively level flight through either the FLC, pilot commands through the joystick, 
or a combination of both.  An “uncontrollable” flight is one where the aircraft’s roll, pitch, 
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and/or yaw moments generated by the aircraft are greater than what the operating control 
surfaces and FLC can compensate. 
 The control surface deflections for the nominal flight test can be seen in Figure 8-1.  The 
roll, pitch, and yaw doublets described above are evident.  These deflections are supported by 
their corresponding rates viewed in Figure 8-2.  The pilot commanded throttle input to each 
engine and the resulting throttle response is in Figure 8-3.  Here, the final set of nominal 
commands for the throttle as described above is evident. 
 Overall, the aircraft is responsive towards the pilot’s commanded control surface 
deflections and throttle input.  In Figure 8-1 the left and right elevator deflections are uniform 
which is why only the right elevator deflections are apparent on the plot.  Likewise, the pilot 
throttle command is equivalent for engine and the FLC throttle command is equivalent for each 
engine and thus only Engine #4’s values are visible in Figure 8-3. 
 
Figure 8-1: Control Surface Deflections for the Elevators, Ailerons, and Rudder for the 
Nominal Conditions Test 
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Figure 8-2: Roll, Pitch, and Yaw Rates for the Nominal Conditions Test 
 
 
Figure 8-3: Pilot Throttle Command and the FLC Throttle Command to Each Engine for 
the Nominal Conditions Test 
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8.2 Elevator Failure 
 The model was exposed to two levels of elevator failure.  Additionally, it was tested at 
each level of failure with the FLC engaged and disengaged.  The magnitudes of failure 
considered were a left stuck elevator actuator at -10 degrees and +10 degrees.  The elevator trim 
position is -4.25 degrees indicating that the -10 degree test is actually an elevator actuator stuck 
at -5.75 degrees from the trim position.  Likewise, the +10 degree test has the elevator actuator 
stuck +14.25 degrees from the trim position.  During each test, the aircraft was subjected to the 
indicated failure at the 60 second mark allowing for a small period of nominal flight data to be 
gathered as well as the abnormal condition data.  The engine locations were assumed 
symmetrical as in the nominal flight test.  Furthermore, symmetric thrust about the longitudinal 
plane was utilized as was differential thrust about the lateral plane. 
 When the aircraft was exposed to the -10 degree stuck left elevator actuator it was 
controllable while the FLC was engaged and disengaged.  While the FLC was engaged, pilot 
input was not required in order to maintain altitude by canceling the moment induced by the 
failed actuator as perceived Figure 8-4.  This is equivalent to all the control surfaces being 
locked at the trim positions with the left elevator being locked at a non-trim position.  
Conversely, when the controller was disengaged the pilot needed to maintain a new trim position 
in order to achieve level flight.  Therefore, in an emergency situation where the hydraulic pumps 
controlling the control surface actuators fail, the FLC would be capable of assisting the pilot in 
maintaining a controllable flight envelope.   The FLC throttle commands sent to the engine can 
be seen in Figure 8-5.  The throttle commands for Engine #1 and Engine #4 are equal as are the 
throttle commands for Engine #2 and Engine #3.  This is why only two throttle commands are 
visible on the graph.  The roll rate, pitch rate, and yaw rate while the FLC was engaged and 
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disengaged are displayed in Figure 8-6.  The pitch rate while the FLC was engaged has fewer 
peaks indicating a smoother flight than when the controller was disengaged. 
 When the aircraft was subjected to the +10 degree stuck left elevator actuator, it was 
controllable with and without the FLC engaged.  The difference in the amount of pilot input 
required as seen through the elevator control surface deflection differences in Figure 8-7.  The 
average amount of right elevator deflection while the FLC was engaged is -12.5 degrees and 
while the controller was disengaged the average is -14.2 degrees.  The throttle commands to the 
engines were near 100% as seen in Figure 8-8.  As with the -10 degree failure case above, while 
the FLC was engaged the pitch rate has a smoother profile than when the controller was 
disengaged as observed in Figure 8-9. 
 
 
Figure 8-4: Control Surface Deflections for the -10 Degree Left Elevator Failure Case with 
the FLC Engaged and Disengaged 
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Figure 8-5: Throttle Commands for the -10 Degree Left Elevator Failure Case with the 
FLC Engaged and Disengaged 
 
 
Figure 8-6: Roll, Pitch, and Yaw Rates for the -10 Degree Left Elevator Failure Case with 
the FLC Engaged and Disengaged 
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Figure 8-7: Control Surface Deflections for the +10 Degree Left Elevator Failure Case with 
the FLC Engaged and Disengaged 
 
 
Figure 8-8: Throttle Commands for the +10 Degree Left Elevator Failure Case with the 
FLC Engaged and Disengaged 
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Figure 8-9: Roll, Pitch, and Yaw Rates for the +10 Degree Left Elevator Failure Case with 
the FLC Engaged and Disengaged 
 
8.3 Aileron Failure 
 The model was exposed to two levels of aileron failure.  Additionally, it was tested at 
each level of failure with the FLC engaged and disengaged.  The magnitudes of failure 
considered were a left stuck aileron actuator at +10 degrees and +20 degrees.  During each test, 
the aircraft was subjected to the indicated failure at the 60 second mark such that there is some 
nominal flight data before the abnormal condition.  The engine locations were assumed 
symmetrical as in the nominal flight test.  Furthermore, differential thrust about the longitudinal 
plane of symmetry was utilized. 
 When the aircraft was exposed to the +10 degree stuck left aileron actuator it was 
controllable while the FLC was engaged and disengaged.  Of particular note is that the amount of 
pilot input, and thus aileron control surface deflection, required for level flight varied greatly as 
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seen in Figure 8-10.  In fact, while the FLC was engaged the aircraft did not require any pilot 
input to maintain level flight.  This allows the pilot to maintain a greater flight envelope under 
the failure scenario.  As viewed in Figure 8-11, the controller sent varied throttle commands to 
the engines in order to counter the moment induced by the stuck aileron.  The FLC is capable of 
roll control because equation (7.34) holds true since 𝜃𝑅 = 𝜃𝐿 = 2.5°.  Furthermore, the FLC was 
capable of dampening the roll rate observed in Figure 8-12. 
  When the aircraft was exposed to the +20 degree stuck left aileron actuator, it was still 
controllable while the FLC was engaged and disengaged.  As with the +10 degree test, the pilot 
was not required to give any input into the system while the FLC was engaged whereas the pilot 
needed to maintain a constant aileron command to maintain level flight as viewed in Figure 8-13.  
The throttle command sent to each engine by the FLC can be seen in Figure 8-14.  The 
magnitude of the commands was greater than for the +10 degree test but throttle command still 
has not saturated the system.  This means that the controller can handle a larger failure if needed 
and the pilot still has some control authority over the throttle level.  Furthermore, the FLC was 
capable of dampening the roll rate as observed in Figure 8-15. 
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Figure 8-10: Control Surface Deflections for the +10 Degree Left Aileron Failure Case with 
the FLC Engaged and Disengaged 
 
 
Figure 8-11: Throttle Commands for the +10 Degree Left Aileron Failure Case with the 
FLC Engaged and Disengaged 
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Figure 8-12: Roll, Pitch, and Yaw Rates for the +10 Degree Left Aileron Failure Case with 
the FLC Engaged and Disengaged 
 
 
Figure 8-13: Control Surface Deflections for the +20 Degree Left Aileron Failure Case with 
the FLC Engaged and Disengaged 
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Figure 8-14: Throttle Commands for the +20 Degree Left Aileron Failure Case with the 
FLC Engaged and Disengaged 
 
 
Figure 8-15: Roll, Pitch, and Yaw Rates for the +20 Degree Left Aileron Failure Case with 
the FLC Engaged and Disengaged 
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8.4 Rudder Failure 
 The model was exposed to two levels of rudder actuator failure.  Additionally, it was 
tested at each level of failure with the FLC throttle control engaged and disengaged.  The 
magnitudes of failure considered were stuck rudder actuator at +10 degrees and +15 degrees.  
During each test, the aircraft was subjected to the indicated failure at the 60 second mark such 
that there is some nominal flight data before the abnormal condition.  The engine locations were 
assumed symmetrical as in the nominal flight test.  Furthermore, differential thrust about the 
longitudinal plane was utilized.  
 When the aircraft was exposed to the +10 degree stuck rudder actuator, it was 
controllable while the FLC was engaged and disengaged.  While the controller was engaged, no 
aileron input was required in order to maintain level flight whereas while the controller was 
disengaged an average of 12.4 degrees of aileron deflection was necessary to compensate for the 
rolling moment (Figure 8-16).  The FLC throttle commands can be viewed in Figure 8-17.  From 
here it is noticeable that the engine control is nearly saturated but there is still room for pilot 
throttle control authority.  Finally, when examining the roll rate and yaw rate in Figure 8-18 
while the controller was engaged and disengaged, the FLC controller dampens out many of the 
peaks that are notable in the disengaged controller case.  Furthermore, when the initial peak from 
the rudder failure is ignored from the yaw rate as seen in Figure 8-19 it can be seen that the FLC 
successfully dampens the yaw rate. 
 When the aircraft was exposed to the +15 degree stuck rudder actuator failure, it was 
controllable with the FLC engaged and disengaged.  This does not indicate that the flight was 
comfortable or successful.  The pilot was required to supply aileron input to maintain level flight 
while the controller was engaged.  The average amount of deflection was less than one degree.  
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This is encouraging to the effectiveness for utilizing engine thrust for actuator failure 
accommodation.  When the left aileron was deflected +20 degrees, the FLC was able to 
accommodate the failure with a margin of control authority in reserve as seen in Figure 8-14.  
This margin was utilized under the +15 degree rudder actuator failure and the additional aileron 
input. When the controller was disengaged the average deflection required to counteract the 
induced roll moment was 19 degrees as seen in Figure 8-20.  As seen in Figure 8-21, the throttle 
input is completely saturated.  The roll, pitch, and yaw rates can be seen in Figure 8-22. 
 Two solutions were examined to increase the effectiveness of the controller.  The first 
solution involves increasing the amount of potential thrust for each engine.  By using this method 
and an equation similar to equation (7.41) but expanded for four engines, the amount of thrust 
necessary is 113% of the nominal thrust.  To ensure a margin of safety, the amount of potential 
thrust amount was increased to 125% of nominal.  During the course of the experiment the 
throttle commands were briefly saturated at their maximum value shortly after the failure was 
initiated at the 60 second mark.  Shortly thereafter, the controller was able to stabilize with the 
Engine #1 command leveling out at 112% and Engine #2 was below the nominal maximum 
thrust as viewed in Figure 8-23.  As further proof to the effectiveness of this method, Figure 8-24 
displays control surface deflections as an indication that no additional pilot input was needed and 
Figure 8-25 presents the roll, pitch, and yaw rates. 
 The second solution involved moving the outer engine locations while the inner engines 
remained fixed and the amount of thrust control to all engines remained equivalent to the 
nominal conditions test.  For the purpose of this research effort, any potential structural issues 
related to this solution have not been considered.  Using equations similar to (7.42), (7.43), and 
(7.44), the minimum outer engine location necessary for control was found to be [𝑟𝑥 𝑟𝑦 𝑟𝑧] =
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[−1.75 ±24.5 1.5] meters instead of the nominal location of [𝑟𝑥 𝑟𝑦 𝑟𝑧] = [0 ±21.96 1.69] meters.  During the test a margin was added to the 
minimum engine location position such that the engine positions were [𝑟𝑥 𝑟𝑦 𝑟𝑧] =[−2.25 ±25.5 1.5] meters.  In accordance with the previous tests, the +15 degree rudder 
failure was initiated at the 60 second mark.  The controller was capable of stabilizing the flight.  
As seen in Figure 8-26, the throttle control for the outer engines is still completely saturated but 
the inner engines have margin of control authority that is not evident in the +15 degree rudder 
actuator failure with the engines in the nominal location (Figure 8-21).  If the inner engines were 
repositioned toward the wing tips in the same manner as the outer engines, more control 
authority could be obtained for the same amount of engine thrust.  Furthermore, pilot input was 
not necessary as evident by the control surface deflections in Figure 8-27.  The roll, pitch, and 
yaw rates displayed in Figure 8-28 returned to zero after the failure indicating that the aircraft 
returned back to steady-state flight. 
 
Figure 8-16: Control Surface Deflections for the +10 Degree Rudder Failure Case with the 
FLC Engaged and Disengaged 
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Figure 8-17: Throttle Commands for the +10 Degree Rudder Failure Case with the FLC 
Engaged and Disengaged 
 
 
Figure 8-18: Roll, Pitch, and Yaw Rates for the +10 Degree Rudder Failure Case with the 
FLC Engaged and Disengaged 
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Figure 8-19: Yaw Rate without the Initial Peak for the +10 Degree Rudder Failure Case 
with the FLC Engaged and Disengaged 
 
 
Figure 8-20: Control Surface Deflections for the +15 Degree Rudder Failure Case with the 
FLC Engaged and Disengaged 
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Figure 8-21: Throttle Commands for the +15 Degree Rudder Failure Case with the FLC 
Engaged and Disengaged 
 
 
Figure 8-22: Roll, Pitch, and Yaw Rates for the +15 Degree Rudder Failure Case with the 
FLC Engaged and Disengaged 
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Figure 8-23: Throttle Commands for the +15 Degree Rudder Failure when the Thrust 
Potential is Increased 
 
 
Figure 8-24: Control Surface Deflections for the +15 Degree Rudder Failure when the 
Thrust Potential is Increased 
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Figure 8-25: Roll, Pitch, and Yaw Rates for the +15 Degree Rudder Failure when the 
Thrust Potential is Increased 
 
 
Figure 8-26: Throttle Commands for the +15 Degree Rudder Failure when the Outer 
Engine Locations are Moved 
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Figure 8-27: Control Surface Deflections for the +15 Degree Rudder Failure when the 
Outer Engine Locations are Moved 
 
 
Figure 8-28: Roll, Pitch, and Yaw Rates for the +15 Degree Rudder Failure when the Outer 
Engine Locations are Moved 
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Chapter 9: Conclusions and Recommendations 
A large transport aircraft model based on a Boeing 747-400 was developed as the testing 
platform for the throttle control work presented here.  A FLC was developed for the lateral, 
longitudinal, and directional components of the aircraft control system.  Furthermore, the aircraft 
model was modified such that it could accept between two and ten engines where the user can 
specify the exact number and the location of each engine.  The FLC automatically adjusts for the 
number selected. 
Real-time simulation flight data was obtained from the large transport aircraft where the 
pilot attempted to maintain steady level flight for the duration of each test.  Each experiment was 
flown twice: once with the FLC engaged and once with the FLC disengaged.  This was 
completed in order to assess the effectiveness of the throttle FLC.  Through the course of these 
experiments, the FLC was proven to be effective.  The controller allowed the pilot to retain more 
control authority over the aircraft than when it was disengaged. 
The aircraft design aspects of the model were tested during the +15 rudder actuator 
failure scenario.  By allowing additional thrust control authority, the design requirements for a 
suitable engine for the given failure were established.  Additionally, by altering the engine 
locations given the maximum thrust available, a solution was found such that the aircraft was 
capable of accommodating the given failure.  This framework can be used for the evaluation of 
the failure accommodation potential of any given engine configuration, to determine fixed 
characteristics of the propulsion system necessary to be able to compensate for actuator failure of 
a specified severity through differential throttle, and design fault tolerant engine control laws in 
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term of engine throttle, translation, and rotation.  The effectiveness of the approach was 
illustrated through an example simulation. 
The model allows the effective determination of the maximum failure deflection that can 
be accommodated by a given configuration, the required engine position for a specified failure 
magnitude and engine power, and the maximum thrust needed to compensate a certain actuator 
failure if the location of the propulsion device is fixed. 
The FLC developed provides the basic framework to expand the use of engine thrust 
control for actuator failure accommodation.  One way the model could be expanded would be to 
include active thrust vectoring into the control system.  Additionally, the system could include a 
dynamic engine placement mechanism where the engines would not be fixed in relation to the 
aircrafts center of gravity.  The engines would be allowed to change location in order to 
counteract an actuator failure without altering the thrust output from the individual engines.  
Finally, this type of dynamic engine control could be implemented within a different control 
scheme.  For example, WVU has developed an advanced supersonic fighter jet model that 
utilizes several types of neural networks for flight control and adaptation (39).  Currently, these 
control systems use decoupled control surfaces to collectively counteract an actuator failure.  
This type of system could be used to initially counteract the failure that the model is subjected to 
due to its faster response time and then the scheme could differ some or all of the control to the 
engines through individual engine thrust control allowing for a larger flight envelope to be 
obtained. 
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Appendix A: Analysis of Engine Compensation for a Tri-Engine Aircraft Configuration 
The complete governing equation from equation (3.17) and (6.1) is: 
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0 −𝑟𝑖𝑧 𝑟𝑖𝑦
𝑟𝑖𝑧 0 −𝑟𝑖𝑥
−𝑟𝑖𝑦 𝑟𝑖𝑥 0 �𝐵 �
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(A.1)  
If the aerodynamic control surface j is stuck at a deflection 𝛿𝑗𝐹.  This means that the 
aerodynamic characteristics of the control surface are not altered and the following holds true: 
 
𝑑𝑀��⃗ 𝑁𝑗
𝑑𝛿𝑗
= 𝑑𝑀��⃗ 𝐹𝑗
𝑑𝛿𝑗
 (A.2)  
and the moment due to the failure is: 
 𝑀��⃗ 𝐹𝑗 = 𝑑𝑀��⃗ 𝑁𝑗𝑑𝛿𝑗 �𝛿𝑗𝐶 − 𝛿𝑗𝐹� (A.3)  
Equation (7.1) becomes: 
 
���
0 −𝑟𝑖𝑧 𝑟𝑖𝑦
𝑟𝑖𝑧 0 −𝑟𝑖𝑥
−𝑟𝑖𝑦 𝑟𝑖𝑥 0 �𝐵 �
cos𝜓𝑖 cos𝜃𝑖sin𝜓𝑖 cos 𝜃𝑖sin𝜃𝑖 �𝐵 ∆𝑇𝑖�
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⎪
⎨
⎪
⎧
�𝛿𝑗𝐶 − 𝛿𝑗𝐹�
⎣
⎢
⎢
⎢
⎡�𝑀𝑥𝛿𝑗�𝑁
�𝑀𝑦𝛿𝑗�𝑁
�𝑀𝑧𝛿𝑗�𝑁⎦
⎥
⎥
⎥
⎤
𝐵⎭
⎪
⎬
⎪
⎫
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(A.4)  
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 For the following discussion it is assumed that the aircraft is equipped with three identical 
engines (n = 3, left = L, center = C, right = R) located symmetrically such that: 
 [𝑟𝑂𝑃𝑅]𝐵 = [𝑟𝑥 𝑟𝑦 𝑟𝑧]𝐵𝑇  (A.5)  
 [𝑟𝑂𝑃𝐶]𝐵 = [𝑟𝑥𝐶 0 𝑟𝑧𝐶]𝐵𝑇  (A.6)  
 [𝑟𝑂𝑃𝐿]𝐵 = [𝑟𝑥 −𝑟𝑦 𝑟𝑧]𝐵𝑇  (A.7)  
 �∆𝑇�⃗ 𝑅�𝐵 = �∆𝑇𝑥𝑅∆𝑇𝑦𝑅
∆𝑇𝑧𝑅
�
𝐵
= 𝐿𝐵𝑇𝑅�∆𝑇�⃗ 𝑅�𝑇𝑅 = �cos𝜓𝑅 cos 𝜃𝑅sin𝜓𝑅 cos𝜃𝑅sin𝜃𝑅 �𝐵 ∆𝑇𝑅 = �
𝜀1𝑅
𝜀2𝑅
𝜀3𝑅
�
𝐵
∆𝑇𝑅 (A.8)  
 �∆𝑇�⃗ 𝐶�𝐵 = �∆𝑇𝑥𝐶∆𝑇𝑦𝐶
∆𝑇𝑧𝐶
�
𝐵
= 𝐿𝐵𝑇𝐶�∆𝑇�⃗ 𝐶�𝑇𝐶 = �cos𝜓𝐶 cos𝜃𝐶sin𝜓𝐶 cos 𝜃𝐶sin𝜃𝐶 �𝐵 ∆𝑇𝐶 = �
𝜀1𝐶
𝜀2𝐶
𝜀3𝐶
�
𝐵
∆𝑇𝐶 (A.9)  
 �∆𝑇�⃗ 𝐿�𝐵 = �∆𝑇𝑥𝐿∆𝑇𝑦𝐿
∆𝑇𝑧𝐿
�
𝐵
= 𝐿𝐵𝑇𝐿�∆𝑇�⃗ 𝐿�𝑇𝐿 = �cos𝜓𝐿 cos𝜃𝐿sin𝜓𝐿 cos 𝜃𝐿sin𝜃𝐿 �𝐵 ∆𝑇𝐿 = �
𝜀1𝐿
𝜀2𝐿
𝜀3𝐿
�
𝐵
∆𝑇𝐿 (A.10)  
 
A.1 Elevator Failure 
 If the assumption is made that that the left elevator is locked at a deflection 𝛿𝑒𝐿𝐹, then the 
failure will affect the pitching moment and the rolling moment.  It is assumed that the effects on 
the yawing moment are negligible.  Under these conditions and omitting the subscript N for 
simplicity, equation (A.4) becomes: 
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�
0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0 �𝐵 �
∆𝑇𝑥𝑅
∆𝑇𝑦𝑅
∆𝑇𝑧𝑅
�
𝐵
+ � 0 −𝑟𝑧𝐶 0𝑟𝑧𝐶 0 −𝑟𝑥𝐶0 𝑟𝑥𝐶 0 �𝐵 �
∆𝑇𝑥𝐶
∆𝑇𝑦𝐶
∆𝑇𝑧𝐶
�
𝐵
+ �0 −𝑟𝑧 −𝑟𝑦𝑟𝑧 0 −𝑟𝑥
𝑟𝑦 𝑟𝑥 0 �𝐵 �
∆𝑇𝑥𝐿
∆𝑇𝑦𝐿
∆𝑇𝑧𝐿
�
𝐵
= (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿
𝑀𝑧𝛿𝑒𝐿
�
𝐵
 
(A.11)  
Furthermore: 
 
�
−𝑟𝑧�∆𝑇𝑦𝑅 + ∆𝑇𝑦𝐿� + 𝑟𝑦(∆𝑇𝑧𝑅 − ∆𝑇𝑧𝐿)−𝑟𝑧𝐶∆𝑇𝑦𝐶
𝑟𝑧(∆𝑇𝑥𝑅 + ∆𝑇𝑥𝐿) − 𝑟𝑥(∆𝑇𝑧𝑅 + ∆𝑇𝑧𝐿) + 𝑟𝑧𝐶∆𝑇𝑥𝐶−𝑟𝑥𝐶∆𝑇𝑧𝐶
−𝑟𝑦(∆𝑇𝑥𝑅 − ∆𝑇𝑥𝐿) + 𝑟𝑥�∆𝑇𝑦𝑅 + ∆𝑇𝑦𝐿� + 𝑟𝑥𝐶∆𝑇𝑦𝐶 �𝐵
= (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵 
(A.12)  
or using equations (A.8), (A.9), and (A.10), equation (A.12) becomes: 
 
�
−𝑟𝑧(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑦(∆𝑇𝑅𝜀3𝑅 − ∆𝑇𝐿𝜀3𝐿)−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧(∆𝑇𝑅𝜀1𝑅 + ∆𝑇𝐿𝜀1𝐿) − 𝑟𝑥(∆𝑇𝑅𝜀3𝑅 + ∆𝑇𝐿𝜀3𝐿) + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶
−𝑟𝑦(∆𝑇𝑅𝜀1𝑅 − ∆𝑇𝐿𝜀1𝐿) + 𝑟𝑥(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑥𝐶∆𝑇𝐶𝜀2𝐶 �𝐵
= (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵 
(A.13)  
This is a system of three equations and fourteen unknowns (𝑟𝑥, 𝑟𝑦, 𝑟𝑧, 𝑟𝑥𝐶, 𝑟𝑧𝐶, ∆𝑇𝑅, ∆𝑇𝐶, ∆𝑇𝐿, 𝜃𝑅, 
𝜓𝑅, 𝜃𝐶, 𝜓𝐶, 𝜃𝐿, and 𝜓𝐿).  If it is assumed that changing the direction of the thrust vector is not 
used for control.  Therefore, the engine Euler angles are held constant and respectively equal in 
magnitude and symmetric for the left and right engine.  As a consequence: 
 𝜀1𝑅 = 𝜀1𝐿 = 𝜀1, 𝜀2𝑅 = 𝜀2𝐿 = 𝜀2, 𝜀3𝑅 = 𝜀3𝐿 = 𝜀3 (A.14)  
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and the number of unknowns – or variables that can potentially be used for control – is reduced 
to eight (𝑟𝑥, 𝑟𝑦, 𝑟𝑧, 𝑟𝑥𝐶, 𝑟𝑧𝐶, ∆𝑇𝑅, ∆𝑇𝐶, and ∆𝑇𝐿): 
 
�
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3 + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀1 + 𝑟𝑥(∆𝑇𝑅 − ∆𝑇𝐿)𝜀2 + 𝑟𝑥𝐶∆𝑇𝐶𝜀2𝐶 �𝐵
= (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵 
(A.15)  
If the axes of the engines are parallel to the aircraft longitudinal axis then 𝜀1 = 𝜀1𝐶 = 1, 𝜀2 =
𝜀2𝐶 = 𝜀3 = 𝜀3𝐶 = 0, and the compensating engine moment is: 
 � 𝑀��⃗ 𝑒𝑖
3
𝑖=1
�
𝐵
= � 0𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿) + 𝑟𝑧𝐶∆𝑇𝐶
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿) �𝐵 (A.16)  
In this case, the rolling effects of the failure cannot be compensated and an undesirable yawing 
moment is produced unless ∆𝑇𝑅 = ∆𝑇𝐿 = ∆𝑇.  The pitching effects of the failure can be 
compensated if the engines are located off the body-axes horizontal plane (𝑟𝑧 ≠ 0).  If this is 
true, then: 
 2𝑟𝑧∆𝑇 + 𝑟𝑧𝐶∆𝑇𝐶 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) (A.17)  
 To compensate for the rolling effects of the failure, 𝜀2 ≠ 0 and/or 𝜀3 ≠ 0 as well as 
𝜀2𝐶 ≠ 0 and/or 𝜀3𝐶 ≠ 0.  Collective thrust (∆𝑇𝑅 = ∆𝑇𝐶 = ∆𝑇𝐿 = ∆𝑇) or differential thrust 
(∆𝑇𝑅 ≠ ∆𝑇𝐶 ≠ ∆𝑇𝐿) can be used.  For the collective thrust case, equation (A.15) becomes: 
 �
−2𝑟𝑧∆𝑇𝜀2−𝑟𝑧𝐶∆𝑇𝜀3𝐶2𝑟𝑧∆𝑇𝜀1 − 2𝑟𝑥∆𝑇𝜀3 + 𝑟𝑧𝐶∆𝑇𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝜀3𝐶0 �𝐵 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵 (A.18)  
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The following conditions result as necessary for rolling compensation: 
 𝑟𝑧 ≠ 0, 𝑟𝑧𝐶 ≠ 0, 𝜓𝑅 = 𝜓𝐿 ≠ 0, 𝜓𝐶 ≠ 0, 𝜃𝑅 = 𝜃𝐿 ≠ 𝜋2, and 𝜃𝐶 ≠ 𝜋2 (A.19)  
Assuming that the devices considered are the actual aircraft main propulsion system, then |𝜓𝑅| = |𝜓𝐿| ≠ 𝜋2, |𝜓𝐶| ≠ 𝜋2, 𝜀1 ≠ 0, and 𝜀1𝐶 ≠ 0.  Pitching compensation capabilities are 
maintained if: 
 
𝜃𝑅 = 𝜃𝐶 = 𝜃𝐿 = 0 or 𝑟𝑥 = 𝑟𝑥𝐶 = 0      ⇒ 2𝑟𝑥∆𝑇𝜀1 + 𝑟𝑧𝐶∆𝑇𝜀1𝐶 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿 (A.20)  
or: 
 
2𝑟𝑧𝜀1 + 𝑟𝑧𝐶𝜀1𝐶 ≠ 2𝑟𝑥𝜀3 + 𝑟𝑥𝐶𝜀3𝐶      ⇒  (2𝑟𝑧𝜀1 − 2𝑟𝑥𝜀3 + 𝑟𝑧𝐶𝜀1𝐶−𝑟𝑥𝐶𝜀3𝐶)∆𝑇 = (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿 (A.21)  
 For the differential thrust case, considering that 𝜀1 ≠ 0 and 𝜀1𝐶 ≠ 0 for the actual main 
aircraft propulsion system, the yawing effects are avoided if: 
 𝑟𝑦𝜀1 = 𝑟𝑥𝜀2 + 𝑟𝑥𝐶𝜀2𝐶 (A.22)  
Assuming that the differential thrust control is symmetric, that is ∆𝑇𝑅 = −∆𝑇𝐿 = ∆𝑇, then engine 
compensating moment becomes: 
 � 𝑀��⃗ 𝑒𝑖
3
𝑖=1
�
𝐵
= � 2𝑟𝑦∆𝑇𝜀3−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑥𝐶∆𝑇𝐶𝜀2𝐶
�
𝐵
 (A.23)  
In order to maintain pitching moment compensation capabilities, ∆𝑇𝑅 ≠ ∆𝑇𝐶 ≠ ∆𝑇𝐿 and equation 
(A.15) becomes: 
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�
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3 + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶0 �𝐵
= (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹) �𝑀𝑥𝛿𝑒𝐿𝑀𝑦𝛿𝑒𝐿0 �𝐵 
(A.24)  
The additional conditions for both rolling and pitching compensation result in: 
 𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2+𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶 ≠ 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3 (A.25)  
 𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶 ≠ 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3 + 𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶 (A.26)  
 If the location and orientation of the three thrust vectors are fixed, then equation (A.24) 
can be used to solve for ∆𝑇𝑅, and ∆𝑇𝐿 while ∆𝑇𝐶 is controlled by the pilot throttle and is not 
available for alternative control.  Assuming that equation (A.25) and equation (A.26) are valid, 
this yields: 
 
∆𝑇𝑅 = 12�(𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿−𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶+𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶𝑟𝑧𝜀1 − 𝑟𝑥𝜀3
−
(𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑥𝛿𝑒𝐿+𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧𝜀2 − 𝑟𝑦𝜀3
� 
(A.27)  
 
∆𝑇𝐿 = 12�(𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑦𝛿𝑒𝐿−𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶+𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶𝑟𝑧𝜀1 − 𝑟𝑥𝜀3
+ (𝛿𝑒𝐿𝐶 − 𝛿𝑒𝐿𝐹)𝑀𝑥𝛿𝑒𝐿+𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧𝜀2 − 𝑟𝑦𝜀3
� 
(A.28)  
A.2 Aileron Failure 
 If it is assumed that the left aileron is locked at a deflection 𝛿𝑎𝐿𝐹.  The failure will affect 
primarily the rolling moment and to a lesser extend the yawing moment, while it is assumed that 
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the effects on the pitching moments are negligible.  Following the same procedure as for the 
elevator, an equation similar to equation (A.13) is obtained: 
 
�
−𝑟𝑧(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑦(∆𝑇𝑅𝜀3𝑅 − ∆𝑇𝐿𝜀3𝐿)−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧(∆𝑇𝑅𝜀1𝑅 + ∆𝑇𝐿𝜀1𝐿) − 𝑟𝑥(∆𝑇𝑅𝜀3𝑅 + ∆𝑇𝐿𝜀3𝐿) + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶
−𝑟𝑦(∆𝑇𝑅𝜀1𝑅 − ∆𝑇𝐿𝜀1𝐿) + 𝑟𝑥(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑥𝐶∆𝑇𝐶𝜀2𝐶 �𝐵
= (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹) �𝑀𝑥𝛿𝑎𝐿0
𝑀𝑧𝛿𝑎𝐿
�
𝐵
 
(A.29)  
Assuming again that changing the direction of the thrust vectors is not used for control and 
considering equation (A.14): 
 
�
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3 + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀1 + 𝑟𝑥(∆𝑇𝑅 − ∆𝑇𝐿)𝜀2 + 𝑟𝑥𝐶∆𝑇𝐶𝜀2𝐶 �𝐵
= (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹) �𝑀𝑥𝛿𝑎𝐿0
𝑀𝑧𝛿𝑎𝐿
�
𝐵
 
(A.30)  
Since a compensatory rolling moment must be produced, differential vertical and/or lateral thrust 
components are necessary.  If it is assumed that differential symmetric thrust is used (∆𝑇𝑅 =
−∆𝑇𝐿 = ∆𝑇) and ∆𝑇𝐶 is not used for control then: 
 �
2𝑟𝑦∆𝑇𝜀30
−2𝑟𝑦∆𝑇𝜀1 + 2𝑟𝑥∆𝑇𝜀2�𝐵 = (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹) �
𝑀𝑥𝛿𝑎𝐿0
𝑀𝑧𝛿𝑎𝐿
�
𝐵
 (A.31)  
The additional conditions for rolling moment compensation are: 
 𝜃𝑅 = 𝜃𝐿 ≠ 0 and 𝑟𝑦 ≠ 0 (A.32)  
Furthermore, yawing compensation is provided if: 
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 𝑟𝑦𝜀1 ≠ 𝑟𝑥𝜀2 (A.33)  
 If the location and orientation of the engine thrust vectors are fixed, then equation (A.31) 
can be used to solve for ∆𝑇.  Assuming that equation (A.32) and equation (A.33) are valid, this 
yields: 
 ∆𝑇 = (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹)𝑀𝑥𝛿𝑎𝐿2𝑟𝑦𝜀3  (A.34)  
or: 
 ∆𝑇 = (𝛿𝑎𝐿𝐶 − 𝛿𝑎𝐿𝐹)𝑀𝑧𝛿𝑎𝐿2𝑟𝑥𝜀2 − 2𝑟𝑦𝜀1  (A.35)  
A.3 Rudder Failure 
 Assume that the rudder is locked at a deflection 𝛿𝑟𝐹.  The failure will affect primarily the 
yawing and to some extent the rolling moment, while it is assumed that the effects on the 
pitching moment are negligible.  Following the same procedure as for the elevator failure, an 
equation similar to equation (A.13) is obtained: 
 
�
−𝑟𝑧(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑦(∆𝑇𝑅𝜀3𝑅 − ∆𝑇𝐿𝜀3𝐿)−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧(∆𝑇𝑅𝜀1𝑅 + ∆𝑇𝐿𝜀1𝐿) − 𝑟𝑥(∆𝑇𝑅𝜀3𝑅 + ∆𝑇𝐿𝜀3𝐿) + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶
−𝑟𝑦(∆𝑇𝑅𝜀1𝑅 − ∆𝑇𝐿𝜀1𝐿) + 𝑟𝑥(∆𝑇𝑅𝜀2𝑅 + ∆𝑇𝐿𝜀2𝐿) + 𝑟𝑥𝐶∆𝑇𝐶𝜀2𝐶 �𝐵
= (𝛿𝑟𝐶 − 𝛿𝑟𝐹) �𝑀𝑥𝛿𝑟0
𝑀𝑧𝛿𝑟
�
𝐵
 
(A.36)  
Assuming again that changing the direction of the thrust vector is not used for control and 
considering equation (A.14): 
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�
−𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀3−𝑟𝑧𝐶∆𝑇𝐶𝜀3𝐶
𝑟𝑧(∆𝑇𝑅 + ∆𝑇𝐿)𝜀1 − 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀3 + 𝑟𝑧𝐶∆𝑇𝐶𝜀1𝐶−𝑟𝑥𝐶∆𝑇𝐶𝜀3𝐶
−𝑟𝑦(∆𝑇𝑅 − ∆𝑇𝐿)𝜀1 + 𝑟𝑥(∆𝑇𝑅 + ∆𝑇𝐿)𝜀2 + 𝑟𝑥𝐶∆𝑇𝐶𝜀2𝐶 �𝐵
= (𝛿𝑟𝐶 − 𝛿𝑟𝐹) �𝑀𝑥𝛿𝑟0
𝑀𝑧𝛿𝑟
�
𝐵
 
(A.37)  
Since a compensatory yawing moment must be produced primarily, differential longitudinal 
thrust components are sufficient provided the distance from the engine to the vertical plane of 
symmetry is large enough.  If differential symmetric thrust (∆𝑇𝑅 = −∆𝑇𝐿 = ∆𝑇) is used and ∆𝑇𝐶 
is not used for control then: 
 �
2𝑟𝑦∆𝑇𝜀30
−2�𝑟𝑦𝜀1 − 𝑟𝑥𝜀2�∆𝑇�𝐵 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹) �
𝑀𝑥𝛿𝑟0
𝑀𝑧𝛿𝑟
�
𝐵
 (A.38)  
Equation (A.38) shows that if the location and the orientation of the two thrust vectors are fixed 
then differential thrust commands can be determined in order to produce compensation of the 
yawing moment.  The necessary thrust is: 
 ∆𝑇 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹)𝑀𝑧𝛿𝑟−2�𝑟𝑦𝜀1 − 𝑟𝑥𝜀2� (A.39)  
However, it might be necessary to compensate for the residual moment on the lateral channel by 
using the aileron. 
 If the engine thrust differential is known as well as the moments produced by the failed 
rudder and assuming that there is no change in the thrust vector, then equation (A.37) can be 
used to determine the engine positions for the left and right engines.  Solving for 𝑟𝑥, 𝑟𝑦, and 𝑟𝑧 
yields: 
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𝑟𝑥 = (𝛿𝑟𝐶 − 𝛿𝑟𝐹)�𝑀𝑥𝛿𝑟𝜀1 + 𝑀𝑧𝛿𝑟𝜀3� + ∆𝑇𝐶𝑟𝑥𝐶(𝜀1𝜀3𝐶 − 𝜀2𝐶𝜀3)2𝜀2𝜀3∆𝑇𝐿
+ ∆𝑇𝐶𝜀2(∆𝑇𝐿 − ∆𝑇𝑅)(𝜀1𝐶𝑟𝑧𝐶 − 𝜀3𝑟𝑥𝐶)2𝜀2𝜀3∆𝑇𝐿(∆𝑇𝐿 + ∆𝑇𝑅)  
(A.40)  
 
𝑟𝑦 = (∆𝑇𝐿 + ∆𝑇𝑅)�−(𝛿𝑟𝐶 − 𝛿𝑟𝐹)𝑀𝑥𝛿𝑟𝜀1 − ∆𝑇𝐶𝜀1𝜀3𝑟𝑥𝐶�2𝜀1𝜀3∆𝑇𝐿(∆𝑇𝐿 − ∆𝑇𝑅)
+ (𝛿𝑟𝐶 − 𝛿𝑟𝐹)𝑀𝑧𝛿𝑟𝜀3 − ∆𝑇𝐶�𝜀1𝐶𝜀2𝑟𝑧𝐶 − 𝑟𝑥𝐶(𝜀2𝜀3𝐶 − 𝜀2𝐶𝜀3)�2𝜀1𝜀3∆𝑇𝐿  
(A.41)  
 
𝑟𝑧
= (𝛿𝑟𝐶 − 𝛿𝑟𝐹)�𝑀𝑥𝛿𝑟𝜀1 + 𝑀𝑧𝛿𝑟𝜀3� + ∆𝑇𝐶(𝑟𝑥𝐶(𝜀3𝐶(𝜀1 + 𝜀2) − 𝜀2𝐶𝜀3) − 𝜀1𝐶𝜀2𝑟𝑧𝐶)2𝜀1𝜀2∆𝑇𝐿  (A.42)  
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Appendix B: Simulation Environment User Manual 
 Start MATLAB 2010a.  Once the program is ready for use, change the current directory 
to the current directory for the WVU B747 Simulation (example in Figure B-1). 
 
Figure B-0-1: MATLAB Command Window with the Current Directory Set 
 
 Type "start" in the command window and press enter (Figure B-2).  This will open the 
West Virginia University Boeing 747 Simulation main menu (Figure B-3). 
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Figure B-0-2: Opening the WVU Boeing 747 Simulation Menu 
 
 
Figure B-0-3: Boeing 747 Simulation Main Menu 
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Select the desired experiment from the Flight Scenario options and click continue.  The next 
menu to appear will be the Pilot Input Menu (Figure B-4).  Select the All Joystick Generated 
option and click continue.  After pressing continue, make sure that four files were copied by 
checking the command window in the main MATLAB interface (Figure B-5) 
 
Figure B-0-4: Pilot Input Menu 
 
 
Figure B-0-5: Proper Loading of the Pilot Input Files 
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Click continue on the next screen to select the given initial conditions setting (Figure B-6).  
Otherwise, select the proper initial condition and then press continue. 
 If a failure was selected from the initial main menu, the Failure Conditions Menu will 
open (Figure B-7).  From here, select the Failure Scenario, the Failed Control Surface, and enter 
in additional relevant information in the boxes before pressing the continue button. 
 
Figure B-0-6: Initial Conditions Selection 
 
Figure B-0-7: Control Surface Failure Conditions Menu 
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 Whether a failure was selected in the opening menu or nominal conditions was selected, 
the following menu allows for the placement of the engines on the aircraft (Figure B-8).  Select 
the number of engines from the top radio-buttons and then enter the location, in meters, from the 
aircraft's center of gravity.  Suggested engine locations are shown in the graphic.  When all 
engine locations are entered, press the continue button. 
 
Figure B-0-8: Engine Selection and Position Menu 
 
The WVU B747 Simulink model will load (Figure B-9). 
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Figure B-0-9: WVU Boeing 747 Simulink Model 
 
 From the Scopes menu (Figure B-10), select the parameters that will need to be 
monitored during the flight and press the ok button.  Additionally, if flight visualization is 
required, press the Open FlightGear button.  The FlightGear initialization window will open 
(Figure B-11).  When the program is finished loading, press the V button on the keyboard to 
scroll through available views until either the model view or helicopter view is selected (Figure 
B-12).  When ready, press the Start Simulation button from within Simulink (Figure B-13). 
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Figure B-0-10: Flight Visualization Menu 
 
 
Figure B-0-11: FlightGear Initialization 
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Figure B-0-12: FlightGear Window with Operating Flight Visualization 
 
 
Figure B-0-13: Simulink Start and Stop Simulation Button and Simulation Time 
Highlighted 
 
Start Simulation 
Button Stop Simulation 
Button 
Simulation Time 
